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Abstract. We study some conjectures on the endomorphism algebras of the cohomology of 
Deligne-Lusztig varieties which are a refinement of those of jBMij . 
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I. Introduction 

Let G be a connected reductive algebraic group, defined over an algebraic closure F of a finite 
field of characteristic p. Let F be an isogeny on G such that some power F s is the Frobenius 
endomorphism attached to a split F g «5-structure on G (where q is a real number such that q 5 is 
a power of p) . The finite group G F of fixed points under F is called a finite group of Lie type. 
When considering a simple group which is not a Ree or Suzuki groups me may take F to be 
already a Frobenius endomorphism. 

Let W be the Weyl group of G and let B (resp B + ) be the corresponding braid group (resp. 
monoid). The canonical morphism of monoids (3 : B + — > W has a section that we denote by 
w — > w: it sends an element of W to the only positive braid w such that (3(w) = w and such 
that the length of w in B + is the same as the Coxeter length of w; we write W = {w | w G W} 
and S = {s| sgS} where S is a set of Coxeter generators for W. 

Let us recall how in [BlyliJ a "Deligne-Lusztig variety" is attached to each element of B + . 
Let B be the variety of Borel subgroups of G. The orbits of B x B are in natural bijection with 
W . Let 0{w) be the orbit corresponding to w G W. Let b G B + and let b = wj . . . w n be 
a decomposition of b as a product of elements of W. To such a decomposition we attach the 
variety {(Bi, . . . , B n+ i) | (B$, Bj + i) G 0(wi) and B n+ i = F(Bi)}. It is shown in |DeL p. 163] 
that the varieties attached to two such decompositions of b are canonically isomorphic. The 
projective limit of this system of isomorphisms defines what we call the Deligne-Lusztig variety 
X(b) attached to b; it is the "usual" Deligne-Lusztig variety X(w) when we take b = w G W. 

When W is an irreducible Coxeter group, the center of the pure braid group is cyclic. We 
denote by 7r its positive generator; we define 7r in general as the product of the corresponding 
elements for the irreducible components of W. Another way of constructing 7r is as Wq where 
Wo is the longest element of W. The Frobenius endomorphism acts naturally as a diagram 
automorphism, i.e., an automorphism which preserves S (resp. S), on W (resp B + ); we still 
denote by F these diagram automorphisms. We call "F-root of order d of 7r", an element 
b G B + such that (hF) d = -rzF d ; in |BMi] it is proved that (3(b) is then a regular element 
of the coset WF (in the sense of |Sp| ) for the eigenvalue e 2t7T ^ d ; when F acts trivially we just 
have a root of order d, i.e., h d = it. It is conjectured in loc. cit. that the G F -endomorphisms 
of the £-adic cohomology complex of X(b) form a "cyclotomic Hecke algebra" attached to the 
complex reflection group Cw{ft(b)F). We will show below that for any F-root b of n except 
for 7r itself, there is another F-root w G W of 7r of the same order and an equivalence of 
etale sites X(b) ~ X(w), thus the conjecture is about the variety X(7r) and some "ordinary" 
Deligne-Lusztig varieties. 

We shall make more specific this conjecture by replacing it by a set of conjectures that we shall 
study, and prove in some specific examples. In (DMRj . of which this paper is a continuation, 
we already obtained some general results on some of the conjectures. We will get here further 
results for the element iz, and for all roots of 7r in the case of split groups of type A. We also 
study powers of Coxeter elements in type B and fourth roots of 7r in split type D. 
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2. Conjectures 

First, we should state that a guide for the following conjectures is that, using Lusztig's results 
in |Lu2j . we will show in section 0] that they all hold in the case of Coxeter elements. 
We recall from [IDMR , 2.1.1] that a possible presentation of B is 

(w G W | wiw 2 = w 3 when W\W2 = W3 and l(wi) + 1(102) = l( w 3))- 

We recall the action defined in |DMR| of a submonoid of B + on X(w), and of the group it 
generates (which will be equal to Cb(wF) in every case we study) on if*(X(w)). 

First, we recall the definition of the morphism D t : X(b) — > X(t _1 bF(t)) defined when t 
is a left divisor of b: if b = tt', and if t = Wi . . . w n and t' = w[ . . . w' n , are decompositions 
as products of elements of W, it sends the element (Bi, . . . , B n+n / + i) G X(b) to the element 
(B n+1 , . . . F(B 1 ),...,F(B n+1 )). 

Then we introduce categories as in |DMR| : B is a category with objects the elements of B, 
and such that Honig(b,b') = {y G B\h' = y _1 bF(y)}; composition of maps corresponds to 
the product in B; one has Endg(b) = Ce(bF). 

T> + is the smallest subcategory of B which contains the objects in B + and such that 

{y G B + I y ^ b,y- 1 bF(y) = b'} C Hom c+ (b,b'), 

where denotes left divisibility in the braid monoid, and D is the smallest subcategory of B 
containing T> + and where all maps are invertible. 

C + is the category of quasi-projective varieties on F, together with proper morphisms. C is 
the localized category by morphisms inducing equivalences of etale sites. An isomorphism in C 
induces a linear isomorphism in Z-adic cohomology. 

It is shown in [DMRJ that the map which sends the object b to X(b) and the map t to D t 
extends to a functor T> + — > C + , which itself extends to a functor T> — > C. 

In the following we note if *(X) for the £-adic cohomology with compact support of the quasi- 
projective variety X. With this notation, the monoid End£,+ (b) acts on X(b) as a monoid of 
endomorphisms, and the group Endx>(b) acts linearly on i?*(X(b)). 

Conjecture 2.1. When b is an F-root of tt we have Endx>(b) = Endg(b) = Cs{bF). 

We will show this conjecture for tt, w , Coxeter elements, all roots of 7r in types A and B, 
and 4-th roots of 7r in type D 4 . We should note that in |DMR| 5.2.5] we have defined an action 
of C B +(bF) 011 X(b) which extends the action of Endx>+(b), but we are not able to determine 
its image in If*(X(b)) (except via conjecture 12.1 [I . 

It is proved in jBMi[ 6.8] that, except when b = 7r, of course, there is a morphism in V + 
between any d-th F-root b of tt and a "good" d-th F-root w, "good" meaning that (wF) ! G 
W.F* for i < d/2. Thus the variety X(b) is isomorphic in C to X(w), as was asserted above. 
We thus need only to consider a variety associated to a good F-root. We actually need only to 
consider one of them, according to the 

Conjecture 2.2. There is always a morphism in T> + between any two F-roots ofiz of the same 
order. 

This says in particular that two such roots are F-conjugate in B. The result of jBMi shows 
that it is sufficient to consider "good" F-roots of 7r in the above conjecture. 

We will show this conjecture for wo, for Coxeter elements in split groups and n-th roots 
of 7r in split type A n . It has now been proved in split type A as a consequence of a recent 



4 



F. DIGNE AND J. MICHEL 



result of Birman, Gebhardt and Gonzales- Meneses (personal communication) which states that 
in general there is a morphism in T> + between two conjugate roots, and of the theorem of 
Eilenberg [Ej stating that in type A two roots of the same order are conjugate. 

Since, when w is an F-root of w, wF = j3(w)F is a reg ular element of WF (cf. [BMi, 
6.6]), the group Cw(wF) is naturally a complex reflection group. We will denote by B(w) the 
corresponding braid group; it is shown in e.g., [BDM j in the case F = Id and in §H1 below in 
the general case that there is a natural map 7 : B(w) — > Cb(wF) such that the image of (3 o 7 
is CwiwF). We recall the following conjecture from [BpM, 0.1] 

Conjecture 2.3. 7 is an isomorphism. 



The above conjecture is easy when w = iz or w = w . It has been proved in |BDM| for split 



types A and B. We prove it for Coxeter elements in split groups, and for 4th roots of 7r in type 
_D 4 . For this last case we use programs of N. Franco and J. Gonzales-Meneses which compute 
centralizers in Garside groups. 

Assuming conjecture I2.1| and since the operators D t commute with the action of G F , we 
get an action of B(w) as G F -endomorphisms of if*(X(w)). The next conjecture states that 
this action factors through a cyclotomic Hecke algebra for B(w). Let us recall their definition; 
the braid group B(w) is generated by so-called "braid reflections" (see Kill for the definition) 
which form conjugacy classes in bijection with conjugacy classes of distinguished reflections in 
C w {wF) (see again O for the definition) (cf. |BMR, 2.15 and Appendix 1]). For a represen- 
tative s of a conjugacy class of distinguished reflections in Cw(wF) we choose a representative 
s of the corresponding class of braid reflections, and we denote by e s the order of s. Let 
A = Qe,[u s> j] s ,j where {w s j}{ses,j=o...e s -i} are indeterminates. The generic Hecke algebra of 
Cw{wF) over the ring A is defined as the quotient of by the ideal generated by 

(s — n s ) . . . (s — u sfis _A. A d-cyclotomic Hecke algebra for Cw(wF) is a "one- variable special- 
ization" of the generic algebra which specializes to Q e [Cw(wF)} by the further specialization 
of the variable to e 2ln ^ d . To make this precise, we need some definitions: we choose an integer 
a and we denote by e°W\ a primitive a|W|-th root of unity in Q £ ; we choose an indeterminate 
denoted by x 1//a . Then a ci-cyclotomic Hecke algebra is a specialization of the generic Hecke 
algebra of the form u s j 1— > e 2 ^3/ e s( e -^/ad x i/a^n 3 j f Qr some integers n s j (it is defined over 

Qelx 1 ^]; it specializes to Q e [Cw(wF)] by the further specialization x 1 ^ t— > e 2 ' lw / ad y 

Conjecture 2.4. The action of B(w) on H*(X(w)) factors through a specialization x 1— > q of 
a cyclotomic Hecke algebra TC(w) for Cy/(wF). 

More precisely we have to state the specialization as x l ^ a 1— > q l l a . This conjecture is proved 
for w = Wo and w = 7r in DMR, 5.4.1] and |BMil 2.7] respectively (see also [DM HI 5.3.4]). 
We will prove this conjecture for all roots of it in split type A for roots of even order in type 
B and for 4-th roots of 7r in type D4. 

Assuming conjecture 12.41 let Ti q (w) be the above specialization (the specialization for x x l a 1— > 
q l l a of TC(w)). We thus have a virtual representation p w of TC q (w) on l) l if*(X(w)). If we 
decompose l) l if*(X(w)) = X^agMg^) i n the Grothendieck group of G F , we get thus 
for each A a virtual character x\ of 7~t q {w) of dimension a\. 

We call a representation special if its trace defines up to a scalar the canonical symmetrizing 
trace form on 7i q (w) (see [BMM, 2.1] for the definition of the canonical trace form). The 
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canonical trace form has not been proved to exist for all complex reflection groups; however it 
is known to exist for those groups that we will encounter in the present paper. 

Conjecture 2.5. (i) The Xx generate the Grothendieck group ofTC q (w) and are irreducible 
up to sign. 
(ii) The representation p w is special. 

(i) above means that the image of TC q (w) by p w is the "full G F -endomorphism algebra of 
^(— l) l i/*(X(w))" . We will be able to prove conjecture 12.51 when w = 7r and G is split of 
type A n , G2, Eq and some small rank cases and also for the cases when we can prove the next 
conjecture. 

Conjecture 2.6. The groups if*(X(w)) are disjoint from each other as G F -modules. 

Conjectures 12.51 and 12.61 thus imply that TC q (w) ~ End G F(H*(X.(w))). Conjecture 12.61 is the 
hardest in some sense, since it is very difficult to determine individually the cohomology groups 
of a Deligne-Lusztig variety, except when w is rather short. In addition to the known case of 
Coxeter elements, we will show 12.61 for n-th roots of 7r in type A n and 4-th roots of 7r in type 
D 4 . Also, when G is of rank 2, conjecture EH follows from [DM HI 4.2.4, 4.2.9, 4.3.4, 4.4.3 and 
4.4.4] (with some indeterminacy left in type split G2). 

It should be pointed out that conjectures 12.41 to 12.61 are consequences of a special case of 
the version for reductive groups of the Broue conjectures on blocks with abelian defect. They 
already have been formulated in a very similar form by Broue, see |Brj . |BMaj and |BMij . In 
particular, compared to |BMi[ 5.7], we have only inverted the order of the assertions, in order 
to present them by order of increasing difficulty, and made the connection with the braid group 
a little bit more specific via statements 12.11 to 12.31 
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3. Regular elements in braid groups 

In this section we provide the needed background on braid monoids and groups. 

We fix a complex vector space V of finite dimension. A complex reflection is an element of 
finite order of GL(V) whose fixed point space is a hyperplane. Let W G GL(V) be a group 
generated by complex reflections, let A be the set of reflecting hyperplanes for reflections of 
W, and let V reg = V — [j He ^ H. Choose x G V reg and let x G V rcg /W be its image. The group 
rii(V Areg ,x) is called the pure braid group of W and the group B = Ui(V reg /W, x) is called the 
braid group of W . The map V reg — > V reg /W is an etale covering, so that it gives rise to the 
exact sequence 

i -> n^v** x) -> b h w -> i. 

We denote by N W (E) (resp. Cw(E)) the stabilizer (resp. pointwise stabilizer) of a subset 

E C V in W. 

We choose distinguished generators of W and B as follows (see BMEJ 2.15]): 

Definition 3.1. (i) A reflection s G W of hyperplane H is distinguished if its only non 
trivial eigenvalue is e 2l7T ^ eH where en = \Cw(H)\. 
(ii) Let H G A and let sh be a distinguished reflection of hyperplane H. We call "braid 
reflection" associated to sh an element of B of the form 7 o A o 7 -1 ; where: 7 is a path 
from x to a point x~h which is the image of a point xu G V reg "close to H" in the sense 
that there is a ball around xh which meets H and no other hyperplane, and contains the 
path A : t t— > y>to'] h (xh) + e 2mt ' GH pto} h ±(xh) where proj means orthogonal projection; 
and where A is the image of X. 

It is clear from the definition that if s# is a braid reflection associated to sjj, then /3(s#) = s#. 
Moreover it is proved in [BMR, 2.8] that braid reflections generate B and in [BJVIR1 2.14] that f3 
induces a bijection from the conjugacy classes of braid reflections in B to the conjugacy classes 
of distinguished reflections in W. 

We assume now given G GL(V) normalizing W; thus V reg is 0-stable. We fix a <i-regular 
element w<p G W.(j) i.e., an element which has an eigenvector in V reg for the eigenvalue £ = e 2ln ^ d . 
We refer to |Sp| and jBMi, §B] for the properties of such elements. If is the ^-eigenspace of 
wcj), then Cw(w(p) = N W {V^); we denote this group by W^. Its representation on is faithful 
and makes it into a complex reflection group, with reflecting hyperplanes the traces on of 
the reflecting hyperplanes of W. 

To construct the braid group B(w) of Wq we choose a base point xq in V^ e9 = V reg n V^. 
Then B{w) = Ui(V™ g /W^, x^), where x^ is the image of x^ in V^ e9 /W^. Let 7 : B(w) — > B 
be the morphism induced by the injection V™ 9 /W^ V reg /W^ composed with the quotient 
V reg /W^ — > V veg /W. It is shown in |Bel| 1.2 (ii)] that 7 factorizes through a (unique) homeo- 
morphism V£ eg /W{ — (V ieg /W)'' , where (V veg /W)'' is the set of fixed points under the multi- 
plication by (. 

Let S be the path t 1— > e 2lnt ^ d x^ from x^ to (x^ in V^ e9 and let S be its image in V reg /W. 
Then the map wcj> : A 1— > 5 o (w(f)(X) o 5 1 is a lift to B of the action of wcp on W. 

Remark 3.2. Note that we have not defined independently w and 0; if is 1-regular this can 
be done in the following way: let x be a fixed point of 0, and choose a path 7] Q from x to x^. 
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Let r/i be the path 0(^o) _1 ° Vo, from 4>{ x c) to x^. The image in V reg /W of the path 5 o w(rji) 
from x^ to w(x() is an element w of B which by definition lifts w G W. 

Then if fj 1 is the image of 771 in V reg /W, the map : A t— > 77^ 1 o 0(A) o fj 1 is an automorphism 
of B which lifts the action of on W . 

Note also the following: 

Remark 3.3. Let cf) and w be as in !3.2^ and let 7r be the loop t 1— > e 2471 *^^ in V" 1 ^; it is a generator 
of the center of the pure braid group. Then (w<fi) d = n(j) d in the semi-direct product I?x <</>>. 
Indeed the element (w(ft) d (f)~ d is represented by the path 5 o w<fi(5) o (w(f)) 2 (5) o • • • o («;0) rf ~ 1 (5) 
which is equal to 7r. 

Lemma 3.4. VFe /lave 7(5(10)) C Cb(w</>). 

Proof. It is easily checked that for any X E B the path <5oAo<5 1 is homotopic to C _1 A, so (w0)(A) 
is homotopic to C -1 (-u;0)(A). If ^ * s the image of a path in V^ eg , we have C _1 (w70)(A) = A; so 
the action of w0 on the image of A in B is trivial, as claimed. □ 

We now assume that W is a Coxeter group. The space V is the complexification of the 
real reflection representation of W and the real hyperplanes define chambers. We choose a 
fundamental chamber, which defines a Coxeter generating set S for W. 

When is trivial, and W not of type F4 or E n , the morphism 7 has been proved injective 
[Bel, 4.1]; if moreover W is of type A(split) or B it is proved to be an isomorphism onto 
C B (w0) in jBDM] . 

We assume now that induces a diagram automorphism of W, i.e., that it stabilizes the 
fundamental chamber. Then is 1-regular: in fact it has a fixed point in the fundamental 
chamber. We recall the following result from [VdL : 

Proposition 3.5. Assume that we have fixed a base point whose real part is in the fundamental 
chamber. Let W be the set of elements of B which can be represented by paths A in V reg , starting 
from the base point and satisfying the two following properties: 

(i) The real part of X meets each element of A at most once. 

(ii) When the real part of X meets H G A, the imaginary part of X is on the same side of 
H as the fundamental chamber; 

then W is in bijection with W via the map B ^ W . Moreover i/S C W is such that /3(S) = S 
then B has a presentation with generators S and relations the braid relations given by the 
Coxeter diagram ofW. 

The elements of S are braid reflections. 

Corollary 3.6. Let x and y be two points with real parts in the fundamental chamber. If '7 is a 
path from x to y with real part in the fundamental chamber, the isomorphism I\.i{V re9 /W, x) — > 
H 1 (\7 re 9 /W,y) which it defines is independent of 7. 

Proof. Two such isomorphisms differ by the inner automorphism of Ui(V reg /W, x) defined by 
a loop with real part in the fundamental chamber. An element defined by a loop is in the pure 
braid group. But by the proposition 13.51 this element is also in W, so it is trivial. □ 

Definition 3.7. The braid monoid B + is defined to be the submonoid of B generated by W. 
Its elements are called positive braids. 
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Recall that a <i-regular element in W.<p is called a Springer element if it has a (^-eigenvector 
with real part in the fundamental chamber (cf. [BMi, 3.10]). We choose as base point a fixed 
point of in the fundamental chamber. If wcj) is a Springer element we can choose 7/0 in 13.21 
such that Re(?7o) is in the fundamental chamber. 

Proposition 3.8. Assume that d > 1 and that w<p is a Springer element. Ifr]Q in \S.S\ is chosen 
with real part in the fundamental chamber then the element w is independent of the choice of 
i]q and is in W. 

Proof. The element w is represented by 5 o w(r]i). As Re(w(?7i)) does not meet any reflecting 
hyperplane, the only possibility for the real part of this path to meet H 6 A is that for 
some t G]0,1[ we have Z#(Re(5(t))) = 0, where Ih is a real linear form defining H. Write 
= a + ib with a and b real and let 9 = 2nt/d; since d > 1 we have 9 e]0, ir[. We have 
Z#(Re(<5(t))) = (cos 9)Ih(o>) — (sin = 0. As this equation has only one solution in ]0, n[, 

property 13.51 (i) above is satisfied. Moreover if 9 is such a solution we have Z#(Im(5(t))) = 

l H (a)(sin9 + ) = JL^l which has the same sign as Z#(a) since sin^ > 0. So property 13.51 

sin 9 sin 9 

(ii) is also satisfied. □ 

When d = 1 we still have that similarly 7r is independent of the choice of i] and is in B + ; a 
way to see this is to use that 7r = Wq where w is the element w obtained for d = 2. 

We show now how in some cases we can lift to B a distinguished reflection of Cw{w4>)- We 
still assume that w<f) is a Springer element 

First, to H G A we associate the hyperplane H fl Vq of and the distinguished reflection 
tii of W$ with reflecting hyperplane H fl V^. Let Wh = Cw(H D V^); it is a parabolic subgroup 
of W, thus a reflection subgroup. The element wcj) normalizes Wh as it acts by ( on H D 
V^; it is a regular element of Wn-wcp and we have Cw H {w(f>) =< tu >■ We can apply the 
constructions of this section to Wh- let V rcgH = V — U{H>eA\H'DHnv c } H' and let V^ e9n = 
V c n V ies ». We get a morphism H^V^" /C WH {w<p), x c ) -> n^^^/^,^), whose image 
centralizes w0 as in lemma E3J As and x are both in the fundamental chamber of Wh, 
by 13.61 any path from x to x^ whose real part stays in this fundamental chamber defines a 
canonical isomorphism between Hi(V TegH /Wh,x^) and Ui(V VCSh /Wh ,x) which commutes with 
w(p. Let us denote by Bh this group. By composition with this isomorphism we get a morphism 
Ili(V^ e9H /Cw H (w<j)),x^) — > Bh, whose image centralizes w<p. Let t# be the generator of the 
infinite cyclic group Hi(V^ eQH / Cw H {w<f>)) such that its image in Cw(w(p) is tn] then t H is a 
braid reflection in B(w) and, if e# is the order of tn, then t^f is the loop i 1— > e 2i7r *x^ i.e., the 
element tt h of 5//. If is such that Wh is a standard parabolic subgroup, ie., is generated 
by a subset I of 5 then = Ui(V TCgH /Wh, x) is canonically embedded in B as the subgroup 
of B generated by the lift I C S of / and if Sh € Bh is the image of tn by the above morphism 
we have s H € B H H Cs(w0). 
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4. The case of Coxeter elements 



We prove here, using the results of jBDMJ, jBe2] and |L"u2] that all our conjectures hold in the 
case of Coxeter elements for an untwisted quasi-simple reductive group G (the assumption of 
G being quasi-simple is equivalent to W being irreducible) . Even though the results of Lusztig 
cover them, we are unable to handle twisted groups because the construction of a dual braid 
monoid when F is not trivial has not yet been carried out. 

Let h be the Coxeter number of G and denote by n the semisimple rank of G, which is also 
the Coxeter rank of W . We begin with 

Proposition 4.1. The h-th roots of n are the lift to W of Coxeter elements ofW. Conjecture 
\2."A holds for h-th roots of iz, that is, there is always a morphism in T> + between two such roots. 



Proof. By e.g., [BMj] 3.11] h-th roots of 7r exist. Such a root is an element of B + of length 

n, whose image in W is in the conjugacy class of Coxeter elements by BMQ 3.12]. Since the 
minimal length of an element in this conjugacy class is n, which is attained exactly for Coxeter 
elements, we conclude that an h-th root of n is in W, and its image is a Coxeter element. 

Now, by |Bou[ chap. V §6, Proposition 1], any two such elements are connected by a mor- 
phism in T> + (it is easy to identify the conjugating process used in loc. cit. to morphisms in 



We now show 

Proposition 4.2. Let c be the lift in W of a Coxeter element. Then Cb{c) is the cyclic group 
generated by c. 

Proof. Here we use the results of |BDM j and [Bc2 . By [Be2, 2.3.2], B admits a Garside 
structure where c is a Garside element. By |BDM| 2.26], the fixed points of c are generated by 
the 1cm of orbits of atoms under c. Such an element is a c-stable simple element of the dual 
braid monoid. By |Be2| 1.4.3], it is the lift to W of an element c\ in the Coxeter class of a 
parabolic subgroup of W. But the centralizer of c in W is the cyclic subgroup generated by c, in 
particular a simple element centralizes c only if its image in W is a power of c. Thus, we have to 
show that no power c k of c with 1 < k < h is the image of a simple element, or equivalently that 
no such power divides c for the reflection length. By |Be2[ 1.2.1] this is equivalent to showing 
that the equality dimker(c fc — 1) + dimker(c 1_fe — 1) = n cannot hold for such k. But, by |Sp| , 
4.2], the eigenvalues of c are ( 1 ~ dt where ( = e 2l7T ^ h and where di are the reflection degrees of 
W. Thus the equality to study becomes \{i | (1 — di)k = (mod h)}\ + \{i | (1 — <ij)(l — k) = 
(mod h)}\ = n. Both conditions cannot occur simultaneously since this would imply di = 1 
(mod h), which is impossible since the irreducibility of W implies that 1 < di < h. Thus it is 
sufficient to exhibit a di which satisfies neither condition. But di = h itself is such a di, whence 
the result. □ 

It follows immediately from 14.21 that conjecture 12.11 holds for Coxeter elements, that is 
Endx>(c) = (7b (c) = <c>, since by definition c e Endx>(c). 

Let us now prove that conjecture 12.31 holds. The space is one-dimensional, and for any 
E V^ 9 = V^— {0} the group Ui(V^/Cw(c), x^) is cyclic, generated by the loop b = 1 1— > e 2lnt ^ h . 
Doing if necessary a conjugation in B, we may take any h-th root of 7r to prove l2~3l We will 
choose a Springer element, so we may assume that Re(x^) is in the real fundamental chamber 




£>+). 



□ 
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of W. Then, bv l3.8[ the image 7(b) is in W, and since its image in W is c it is equal to c. We 
have shown that 7 is an isomorphism. 

Conjectures 12.51 and 12.61 will follow from the following proposition from |Lu2j : 

Proposition 4.3. Let c be a Coxeter element. Then 

(i) F is a semisimple automorphism of ©ji/*(X(c)); it has h distinct eigenvalues; the 
corresponding eigenspaces are mutually non-isomorphic irreducible G F -modules. 

(ii) For s = 1, . . . ,h — 1, the endomorphism F s has no fixed points on X(c). 

(iii) The eigenvalues of F are monomials in q which, under the specialization q 1— > e 2tn ^ h , 
specialize to 1, £, ( 2 , . . . , where ( = e 2t7r ^ h . 

Proof, (i) is |Lu2| 6.1 (i)]; (ii) is 6.1.2 of loc. cit; (iii) results from the tables pages 146-147 of 
loc. cit. □ 

We show now how this implies conjectures 12.51 and 12.61 Conjecture 12.61 is immediate from 
l4.H( i). The generic Hecke algebra TC(c) of the cyclic group CV(c) of order h is generated by one 
element T with the relation (T—uq) ■ ■ ■ (T—Uh-i) = 0. The map which sends c to D c = F is thus 
a representation of this algebra, specialized to Ui 1— > Aj where Ao, • • • , A^_i are the eigenvalues 
of F on ©iif*(X(c)). Bv l4.Hr iii) this is indeed an /i-cyclotomic algebra for Cw(c). It remains 
to see that the virtual representation J^^— l) l /f*(X(c)) of TC(c) is special. But, by e.g., |BMa| 
2.2], the symmetrizing trace on T~C(c) is characterized by its vanishing on T l for i — 1, . . . , h — 1. 
By the Lefschetz trace formula, one has Trace(F s |if*(X(c), Q^)) = |X(c) FS |, so this 

vanishing is a consequence of l4.Hf ii). 
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5. Regular elements in type A 

We prove conjecture 12. II for roots of tt when W is of type A and F acts trivially on W. Here 
we assume that d > 1. The case of 7r will be treated in section 

Let W be a Coxeter group of type and let S be the associated braid group. There are 
d- regular elements in W for any d dividing n or n — 1. To handle the case d\n — 1, it will be 
simpler to embed W as a parabolic subgroup of a group of type A n and 5 as a parabolic 
subgroup of the associated braid group B' and to consider d- regular elements for d\n in W . 

We denote by S = {<Ti, . . . , <r n } the set of generators of B', the generators of B being 
cr n _i. We denote by iz and 7r' respectively the positive generators of the centers of the 
pure braid groups respectively associated to W and W . 

Let c = cr 1 cr 2 . . . o" n _i, the lift in W of a Coxeter element. Let r and d be two integers such 
that rd = n and let w = c r ; it is a d-th root of 7r (c/. 14. ip . The image w of w in W is a 
regular element of order d and its centralizer Cw{w) is isomorphic to the complex reflection 
group G(d, 1, r) which has a presentation given by the diagram: Q)=0' " 'O - O • 

t S r _l S2 «i 

We denote by i?(o?, l,r) the braid group associated to G(d, 1, r); it has a presentation given 
by the same diagram (deleting the relations giving the orders of the generators). 

Conjecture 12.31 holds in our case. Indeed, Bessis [Belt 4.1] has proved that the morphism 
7 : B(w) — > Cb{w) is injective and in |BDMj . this morphism is proved to be bijective. More 
precisely Bessis proves that 7(sj) = IX/=o a i+rj an d 7(111=1 s **) = c ' wnere t, s 1; . . . , s r _i are 
the generators of B(w) given in BMR, 3.6]: they are braid reflections which satisfy the braid 
relations given by the above diagram for G(d, l,r). We shall identify B(w) with its image, so 
that we shall identify Sj and t with the elements given by the above formulas. 

Let now c' = (T\ . . . er n cr n , a n-th root of 7r' in B', cf. |BMi[ Al.l]. Let w' = c' r ; it is 
a d-th root of 7r' and if w' is its image in W, the centralizer Cw'{w r ) is also isomorphic to 
G(d, l,r). It has been proved in [B" DM[ 5.2] that C B (w) ~ CV(w'). More precisely, let X n 
be the configuration space of n distinct points in C, let /i„ be the set of n-th roots of 1, and 
let u n+ i = u n U {0}. We have B' = II 1 (X n+1 , u n+ i). Let X* be the configuration space of n 

non-zero distinct points in C; we have morphisms LTi(X n+ i, u n+ x) LTi(X*, u„) —> LTi(X n , u„), 
(these morphisms are called A and B in loc. cit.). One gets the map \I/ by adjoining to a braid 
a constant string at 0. 

If we choose an isotopy from i/ n+1 to u n+ i we get an isomorphism of II 1 (X n+1 , u n+1 ) with B'\ 
this can be done by bringing along a path ending at e 2l7T ~ . 

Similarly, if we choose an isotopy mapping the n first n + 1-th roots of 1 to «„, we get an 
isomorphism a : Hi(X n , fj, n ) — > B. 

It is shown in loc. cit. that the map a o has a section 0' above (7b (w). 

Let if) be the restriction to Cb(w) of ^ o 0'; it is an isomorphism from Cb(w) to Cb'(w'). 
We have if)(c) = c' and if>(si) = Sj. Let t' = if>(t); it satisfies YllZx s i^' — c '■ 

The following theorem proves conjecture 12.11 in type A. Note that if we have a parabolic 
subgroup W\ of a Coxeter group W 2 , and if B\ and S 2 are the corresponding braid groups, the 
category T>i (resp. Vf) associated to B x as in section [T] is a full subcategory of the category 
T>2 (resp. T>2) associated to Bi- This allows us in the following theorem to state the results in 
term of the categories associated to B' . We will denote these categories by T> and T> + . 
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Theorem 5.1. One has Sj G Endx>+(w) n Endx)+(w') ; t G Endx>(w) and t' G Endx>(w') ; so 
ffcat Endo(w) = C B (w) ~ l,r) and End^(w') = C B ,{W) ~ l,r). 

The end of this section is devoted to the proof of that theorem. 

In the next lemma =<! (resp. !>=) denotes left divisibility (resp. right divisibility) in the braid 
monoid. 

Lemma 5.2. Let B be the braid group of an arbitrary finite Coxeter group; let x, y, z G B + be 
such that xy _1 z G B + . Then there exist xi, zi G B + such that x !>= Xi ; zi ==! z and y = ZiXi. 

Proof. Let b G -B + be such that xy _1 z = b, i.e., y _1 z = x _1 b. By |Mi| 3.2], if we denote by 
zi the left gcd of y and z, and by X2 the left gcd of x and b, we have zf 1 y = x^ x, whence 
the result, putting x x = x 2 _1 x. □ 



0' 
(ii 
(if 
(hi 
fiv 



Lemma 5.3. For i = 1, . . . , n, let Cj = oi . . . Oj. 
We have c^Oj = cr i+1 Cfc for i < k. 
We have c'oj = cr i+1 c' for i < n — 1. 

2 

VFe have c cr„_ 1 = <n. 
We have c cr n _ 1 = cr 1 . 

For x G B + , one has o i+1 =^ c^x <Tj =<! x /or i < k. 
For j < k, we have {i \ cri ^ c 3 k } = {1, . . . , j}. 
(iv') For j < n we have {i \ <7i ^ c /J } = {1, . . . , j}. 
c'J = c^cr n _ i+1 . . .cr n for 1 < j <n. 

Proof. Let us prove (i) and (i'). We get c fc o-j = o i+1 c fc by commuting Oj (resp. o i+1 ) with the 
factors of c& and applying once the braid relation between Oj and cr i+ i. Moreover, as c' = c n a n 
and cr n commutes with Oj for % < n — 1, we get also (i'). 
From (i), by induction on j we get (v). 

Let us prove (ii). For proving c cr n _i = oi, we use (i) to get coi . . . o„_ 2 = c 2 . . . <r n _ic, 
then we multiply both sides on the right by 0" n _i and on the left by (j\ to get a\C 2 = c 2 cr n _ 1 . 
We deduce (ii'): we have c 'cr n _i = c<Tn cr n _ 1 = ccr «-icr n = CTn c cr n , so that c ' 2 <r n _i = 

Let us prove (hi). We have cr i+1 ^ c^x <rZ\cfcX G £> + ; by (i) cr^c^x = c^o"^ x and by 
lemma E21 this implies that either Oj =<( x or ^= Oj. But, as no braid relation can be applied 
in cjfe, the only j such that ^= o,, is k. So we are in the case o-j =^ x, whence the implication 
from left to right. The converse implication comes from the fact that Oj =<! x =>- c^crT" x G B + . 

Let us prove (iv). If Oj c? k we cannot have % > j otherwise applying j times (iii), we get 
Oj_j ^ 1 which is false. Conversely, if i < j, by applying i — 1 times (iii) we get Oj ^ c 3 k <^> 
oi ^ c^~ i+1 which is true. 

(v) is a direct computation using (i). 

Let us prove (iv'). By (iv) and (v), we have Oj =^ c' J for i < j. On the other hand by (iii) 
and (v) we see that if Oj ^ c' 3 with i > j, then ov,,- ^ o„_ J+1 . . . o„ which is impossible. □ 

In the next lemma, as in |DMR| 5.2.7], for / C S we denote by 5/ the submonoid of B + 
generated by I = {s G S | s G /}, and by Vf the "parabolic" subcategory of V + where we keep 
only the maps coming from elements of BJ . 

Lemma 5.4. Assume 1 < i < r and let L = {oj, er i+r , . . . , (Ti + u-i)r} ■ Then 
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(i) Sj G End x ,+ (w) D End-pH- (w') . In particular Sj G Endx>+ (w) R Endc+ (w') . 

(ii) T7ie conjugation by either w or w' stabilizes I, and induces on this set the cyclic per- 
mutation <Ti + j r t— > CT i+ ( J+1 ) r ( mod n ). 

Proof. We can assume r > 2 otherwise there is nothing to prove. Let y,- = (Xi+r^-i) for 
j = 1, . . . , d, and, following the notation of |DMR| 5.1.1 (i)] let wi = w and wj+i = yj~ wy? 
for j = l,...,d. We have Wj G B + as yi = <Tj divides w = c r n _ 1 bv I5.3f iv). We have 
Wj+i = yj w 3 yj by using w y?-i = y?, which is a consequence of I5.3f i). and the fact that y,- 
and yi commute as r > 2; from !5.3T ii) we have w y^ = yi, whence w^+i = w so that (i) is 
proved for w. We get (i) for w' by the same computation, replacing w by w' and using IB~3l (i'). 
(ii') and (iv') instead of 15.31 (i). (ii) and (iv). We have also got (ii) along the way. □ 

To prove that t G Endx>(w), we shall find y G B + such that ywy -1 G B + , y G Homx>+(ywy _1 
and yty -1 G Endx)+(ywy~ 1 ). Then, as V is a groupoid, we will get t G Endp(w). 
We will follow the same lines to prove that t' G End^w'). 

Lemma 5.5. When j < k, let CTj^ = <Tj(Tj + \ . . . <Tk and let Xj = crj 5 j +r .„ 2 - With this notation, 
let y = n£i yi where yi = YYj^d^iir-V+j- Then ywy -1 e B + and y G Hom I7 +(ywy" 1 , w). 

Proof. We set = w, and then by decreasing induction on i we define y^Wjyj = Wj+i. 
It is enough to show that y^Wj G B + ; we will get this by proving by induction that w» = 
yjC r ~ 1 c i ( r _ 1 ) +(i _ 1 . This formula is true for i = d (here y^ = 1). Let us assume it true for i + 1 
and let us prove it for i. We have 

r— 1 

w i+l — Yi+l c C(i +1 )( r _i) +d _i 

r— 1 

— x (i+l)(r-l)+d • • • x (i+l)(r-l)+i+l C C(j + l)( r _i) +( i_i 

= c r_1 Xj( r _i) +(i . . . Xj( r _i) + i + iC( i+ i)( r _i) + d_i (by 15.3(1)) 
= c r 1 C(j + i)( r _i) +d _ix i ( r _ 1 ) +d _ 1 . . . Xj( r _i) + , (by EUfi)) 

r— 1 

— C Cj( r _i) + d-l x i(?--l)+(2 x j(r-l)+ci-l • • • x i(r-l)+i 

r— 1 

— c Cj( r _ 1 ) + rf_ 1 yj 



which, conjugating by y i} gives the stated value for . □ 

We note that in particular we have ywy -1 = Wi = c r_1 c (i _ 1 y = <T r r+d _ 2 cr_lx d • • • x i- 
We prove now the analogous lemma for w'. Let c[ = Ci<7i. 

Lemma 5.6. Let y' = nti^ where y- = Iljtd+i x i(r-i)+i- Then y'w'y'" 1 G 5+ and y' G 
Homj)+ (y'w'y /_1 , w') . 

Proof. We can assume r > 2 since for r = 1 we have y' = 1. We set = w', and then by 
decreasing induction on i, we define w- = y^w^y^ . We will show that y- _1 w- G B + by 
proving by decreasing induction on i that = y'iC r r d lc {r-i)i+d- This ec L ua hty has no meaning 
for i — d, as x rfr+1 does not make sense. So we rewrite it as = c^ 1 5 r _ 1 (y^)c| r l ^ +d , where 
we define formally 5i(xj) = Xj_, which makes sense when j —i < n. Now the formula for % = d 
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becomes w' = c r rd (T rd _ r+ i^ dl which holds bv !5.3l (v). This is the starting point of the induction. 
Let us assume the formula true for % and let us prove it for i — 1. We have 

w i = cr rd 1S r-l(y'i) c {r-l)i+d 

= C ld Sr~l{y'i) C (r-l)i+d<7(r-l)i+d 
= C rd" lc (r-l)i+d^r-2(yO Cr (r-l) l +d 

the last equality as r > 2 implies that the largest j such that crj occurs in <5 r _i(y^) is at most 
(r - l)i + d, 

= cr r d lc {r-l)(i~l)+dy'i-l<7{r-l)i+d 
~~ L rd ^{r-l)(i-l)+dJ i-l> 

where we get the last line by commuting cr( r _ 1 ) i+d and X(i_i)( r _i)+j for j < d, and applying 
formula x a+ iX a (X a+r _i = cr a x a+ ix a to the two first terms of y^. □ 

FromlEElwe get y'w'y'" 1 = wi = c^V d y(, = ov^+d-iov+d-iC^Xd+i . . .xi. 
Let us now prove 

Lemma 5.7. (i) We have yty -1 = cr r ^ r+d ^2 
(ii) We have y't'y'" 1 = (T r> r+d-i<Tr+d-i- 

Proof. Let us prove (i). We show that t = YYjZi a jr,{j+i)r-i where = cr^icr^^. For 

this, replace each a M by its value to get ]T/=i °ir,(i+i)r-i Ilf=i cr J >, 1 (i+i)r-2' which is e Q ual to 

0V,dr-l nf=l Cr ^, 1 (i+l)r-2' in tum eC i Ual t0 C r-l C Ui=l a ir[(i+l)r-2- We CaI1 P Ut C 011 tlle ri S nt ° f 

this product if we replace cr fcji by er fc+li+1 for all k, I. We get nf=o °"ir+i (i+i)r-i c ' which is 
equal to t = (ni=i s i) _lc > as wanted, since YllZi s i = YljZo x j>+i where all factors commute. 

By decreasing induction on i, we find YYjZl Yj — YYjt^d ^ir+j-ijr-i, so, setting = <x i+ r,(i+i)r- 1> 
we have y = IIi=d-i z «- But Zj conjugates a^y+iy-i into aj+^y+i),.--! and aj +r _i ) (j + i) r _i into 
(Tj +r ^i. It commutes with <Tj for z < j + r — 1 and with a^i-fiy-i for % > j. So by induction on 

j we see that Y[] =j Z; conjugates t into (nLi CT i+r-i) a i+r,(i+i)r-i(nf=i+i ^(i+^r-i), whence 
«• 

We now prove (ii). We claim that y' = cr d+r4r y: indeed y- = Xj (r _ 1)+d+ iyi and x i(r _i )+d+ i 
commutes with y fc for k < i; this gives the claim as Yii=i x i(r-i)+d+i = &d+r,dr- 

Let us now conjugate t' = ter dr by y' = cr d+r ^ dr y. By (i), y' conjugates t into 0V,r+d-2 as 
Cd+r,dr commutes with cr rr+(i _2. On the other hand conjugation by y' has the same effect on 
cr dr as conjugation by cr d+r (Jr z rf _ 1 = cr d+r dr cr rf+ , r _ 1 dr _ 1 as Zj for i < d— 1 commutes with <r dr . It 
remains to see that <r d+r . !dr cr d+r ._ 1)(ir _ 1 conjugates cr dr into o- d+r _i i.e., cr d+rdr cr cZ+r ._ lidr _ 1 cr dr = 
O'd+r-i^'d+r.drO'd+r-i.dr-i; this can be written cr d+r (ir cr d+r _ lidr = cr d+r _ 1(ir cr d+r _ lidr _ 1 , which is 
true. □ 

Corollary 5.8. We /iai>e t E Endn(w) and t' E Endu(w'). 

Proof. If I = {cr r , . . . , a r+d _ 2 }, then cr rir+d _ 2 e End c +(ywy" 1 ), as (T r>r+d ^ 2 =4 ywy -1 . ByO 
and the remarks made above that lemma, we get the first assertion. 

Similarly, if I' = {cr r , . . . , a r+d ^i}, then o- rir+(i _i<r r . +d _ 1 E End^^y'w'y' -1 ) as a T . :r+d _ 1 cr r+d _ 1 -< 

ywy -1 . By 15.61 we get the second assertion. □ 



ENDOMORPHISMS OF DELIGNE-LUSZTIG VARIETIES 



15 



6. Regular elements in type B 

We now prove conjecture 12.11 for roots of 7r when W is of type B n . We will see W as the 
centralizer in a Coxeter group W of type A 2n _i of the longest element w . Let V be the 
vector space which affords the reflection representation of W . As wq is a 2-regular element, the 
eigenspace V!_\ of u>o affords the reflection representation of W, and if we choose a base point 
in VlT S we get an embedding LTi(F reg /W0 ^ n 1 (y /reg /W) of the braid group B of type £ n 
into the braid group B' of type Am-\- If S' = {&[, . . . cr' 2n _i) is the generating set of B' then 
it is known (see |Mi[ 4.4]) that <J\ = <r' n and cr n+1 _j = <x^<x 2n _j for 1 < i < n are generators of 
B such that the relations are given by the Coxeter diagram O ^D~0' * *0 • 

Let w be a <i-regular element of W for some d, and let £ = e 2i7r//rf . We have V^ res /CV(io) — 

{V^/Wf and y reg /W = V*?/C w , (w ) ~ (V'^/W")^, so that V^ 9 /C w (w) ~ (V^/W')* -1 ' 

This is equal to (y' re s/^') ? if d is even and to (V r/tt */W') f ' with C = eWd if rf is odd. As 
(7w(iw) = Cw'(w,Wo), we see that if wo is a power of w, which implies that d is even, then 
Cw(w) = Cw'{w). In this case, as V^ 9 = V^ reg we see that the map 7 from B{w) to Cb'(w) 
is the composition of the map which we still denote by 7 from B(w) to C#(w) and of the 
embedding B ^ B' . 

We make a specific choice of a regular element. Let c = <T\ . . . a n . It is a 2n-th root of ir (cf. 
14. ljl . Let r and d be two integers such that rd = 2n and let w = c r ; it is a d-th root of 7r and 
its image w E W is & good regular element. 

If d is odd, we have C B (w) = L7 B (c r ) = C B (c racd{n ' r) ) = C B (c r / 2 ) and C w (w) = C w {c r / 2 ) 
since u> = c n is central. So we are reduced to study C#(w) when ti is even and (7b (w 2 ) when 
d is even and d/2 odd (see 16.31 (ii). below). 

When d is even we have seen above that C\y(w) = Cw(w), and this group is a complex 
reflection group of type G(d, l,r) (see also |BMi[ A. 1.2]). 

We have c = o , ' n (r' n _ 1 (T' n+1 . . . <r' x a'^ n _ x . In order to apply the results of El we use a conjugation 
by v _1 where v is the canonical lift of the longest element of the parabolic subgroup of W 
generated by a[, . . . , o' n _ x \ indeed we have c = v -1 ^ . . . 02n-i v - 

This proves that the generators of C7b(w) are the elements Sj = v -1 (]X.~0 <r£_ 1+rj -)v = 

Jlfc= 2 o 1 ^i+kr for % = 2 . . . r and the element t such that t YYi=2 s * = c ' no ^ e that we have 
not chosen for the element t the conjugate by v~ x of the corresponding element of E] but 
we have applied a further conjugation by c in order to simplify the computations. We have 
t = (<X2<t 3 . . . <7 r+1 <x r +2 • • • 0"(d/2-i)rH-i) -1 0"i0" 2 • • • 0"(d/2-l)r+i! where cr; means deleting cr, from 
the product: we have deleted all cr^ such that % = 2 (mod r). 
We first prove a lemma analogous to 15.31 



Lemma 6.1. (i) We have ccr^ = (Ti + \C for 2 < % < n — 1. 

(ii) We have ° 2 (T n = <x 2 . 

(iii) For x 6 B + and 2 < i < n we have (Ti -< x <^> cr i+1 -< ex. 

(iv) We have {i \ (Ti -< c- 7 } = {1, . . . ,j} for j <n. 

Proof. Statements (i) and (iii) have the same proof as the corresponding statements in 15.31 
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Let us prove (ii). We have 

c 2 = cr 1 cr 2 (cT3 . . . cr„)c = cr^c^ ■ ■ ■ 0V-i) = <T 1 (T 2 cr 1 <r 2 (<T 3 . . . <r n )(<r 2 . . . <r„_i) = 
<T 2 cr 1 cr2cr 1 (cr3 . . . <T n )(cr2 . . . cr n _x) = <T2<Ti<T2(er 3 . . . cr rt )cr 1 (cr2 . . . <T n -i) = cr 2 ca 1 . . . cr n -i, 

whence c 2 cr n = er 2 c 2 . 

The proof of (iv) is similar to that of 15.31 (iv): it uses similarly the fact that cr^ -< c if and 
only if % — 1, but it also needs the fact that er 2 -< c 2 , which we have seen in the proof of (ii). □ 

Lemma 6.2. The group Cb(w) has a presentation with generators t, s 2; . . . , s r; the relations 
being the braid relations given by the diagram Q)=^)—Q- ■ -Q) . 

t s 2 s 3 s r 

Proof. We already know that (7b (w) has a presentation with generators s 2 , . . . , s r , t' and 
relations the braid relations given byO— O' ' '0=0 > where t' is the element conjugate by v _1 

S2 S 3 S T t' 

of the element t of section EJ We have t = ct'c 1 = (s 2 . . . s r )t'(s 2 . . . s r ) _1 . The commutation 
relation t' with Sj for i < r is equivalent by 16.11 (i) to the commutation relation of t with 
for i > 2. It remains to see that the braid relation between t' and s r is equivalent to the braid 
relation between t and s 2 . This is proved by decreasing induction on i using the following 
fact that is the result of a simple computation: if Sj_ 1; s» and u' are elements of a group and 
if u = Sju's^ 1 then the braid relations given by 0—0=0 imply Sj_iUSj_iU = uSj_iUSj_i. 

Si_l Si u' 

Conjugating by s 2 the relation we get at the end of the induction the braid relation which we 
want. The converse is similar. □ 

Theorem 6.3. Assume d even; then 

(i) We have Sj 6 Endx>+(w) (i = 1 . . . , r — 1 ) and t G Endx>(w) ; so that Endx>(w) = 
C B (w)~B(d,l,r). 

(ii) If d/2 odd, we have Sj G Endx>+(w 2 ) (% = l...,r — 1) and t G Endx>(w 2 ), so that 
End p (w 2 ) = C B (w 2 ) ~ B(d, 1, r) . 

Proof. In the following lemma, the statement about w 2 assumes that d/2 is odd. The proof 
follows the same lines as that of 15. 4| using lOl instead of 15.31 

Lemma 6.4. Assume 2 < i < r and let L = &i+r, ■ ■ ■ , fi+(d/2-i)r}- Then 

(i) Si G End x ,+ (w) andsi G End I ,+ (w 2 ). In particular Sj G Endx>+(w) andsi G End©+(w 2 ). 

(ii) The conjugation by w (resp. w 2 ) stabilizes Ij and induces the cyclic permutation 

Ci+jr l— > cr i+(j+l)r (mod n) (resp. (T i+ j r I > <Ti + (j +2 ) r ( mo dn)j. 

Lemma 6.5. For i < j we set a^j = a^a^x. . .(Tj, and we set x, = cr i+ i^ +r _i. Let y = 
n£i -1 yi whereyi = x {i _ 1 ) {r _ 1)+d / 2 _ fc+1 . Thenywy' 1 G B + andy G Hom 7? +(ywy" 1 , w). 

Proof. We set C; = cr 1; j. Let w rf / 2 = w, and by decreasing induction on i define y~ 1 w i y i = w i+ i. 
We claim that y^w-i G B + , which implies the result: in fact we prove by induction that 
Wj = yjCj (r _ 1 ) +d /2C r_1 . This equality is clearly true for i = d/2 (with y d / 2 = 1). Let us assume 
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it to be true for i + 1 and let us prove it for i. We have 

w i+l = y«+l c (i+l)(r-l)+d/2C r ~ 1 
d/2-t-l 

= x i(r-l)+d/2-fc+l c (i+l)(r-l)+d/2 cr 
fe=l 



d/2-t-l 

C(i+i)( r -i)+d/2 | [ x i(r ._ 1)+( i /2 _ fc c r_1 (byEHi)) 
fc=l 

ef/2-i-l 

c i(r-l)+d/2 ] | Xj( r _i) + d/ 2 -fcC r 1 
fc=0 

d/2-i-l 

Ci(r-i)+d/2C r_1 J | x (l _ 1 )( r _ 1)+d/2 _ fc (byEmi)) 



fc=0 



Ci( r -l)+d/2C r Vi 



which, conjugating by gives the equality for Wj. □ 
We note that the above proof shows that 

2 r-l+d/2 1 

ywy 1 = yic r _i +d/2 c r_1 = ] [ x, ] [ cr,c' " 1 = <x ljr _ 1+d/2 ] [ x,c r 1 

i=rf/2 i=l i=d/2-l 

the last equality by EH (i), so ywy" 1 = <x M/2 [T]=d/2 XjC 7 " -1 . 
Lemma 6.6. We have yty -1 = <x ljrf / 2 . 

Proof. For z = 1, . . . , d/2 - 1, let t; = (o- 2 cr 3 . . . a r+1 & r+2 . . . <T ir+1 )- 1 cr lii(r _ 1)+d/2 . We have 
t = td/2-1 an d t = c ljrf/ / 2 . We prove by induction that y, (cZ. l6.5p conjugates tj into t»_i, which 
proves the lemma. Keeping the notation of 16. 51 we have tj = (x 2 x r+2 . . . X(j_ 1 ) r+2 )~ 1 cr 1 j( r _ 1 ) +(i/ / 2 . 

By definition y$ = rifc=i~* x (i-i)(r-i)+d/2-fc+i- This product commutes with x 2 x r+2 . . . X(j_ 2)r+2 . 
As the factor indexed by k = d/2 — i in y^ is equal to X(j_i) r+2 , we get 

d/2-i-l 

Yi^y^ 1 = ( x 2 x r+2 . . . X(j„ 2 ) r+2 ) _1 J J X(j_ 1 )( r _ 1 ) +(J / 2 _ fc+1 CT l,i( r _l)+d/ 2 y i rl . 

k=l 

We use the fact that conjugation by Ci,^,— i)+d/2 of the factor X(j_i)( r _i) + d/ 2 -fc+i hi y^ 1 for 
k > 1 changes k into fc — 1: this allows to simplify the product and we get 

Yi^iYi 1 = ( x 2 x r+2 . . . X(j__ 2)r+2 ) 1 "'l,i(r-l)+d/2X (i ] : 1)(r ._ 1)+(i/2 
= ( x 2 x r+2 . . . X(j_ 2 ) r+2 ) 1 <J l,(i-l)( r -l)+d/2 = tj_i. 

□ 

Let I = { fi, . . . , cr d / 2 }; we have <r i)(i / 2 G End X) + (ywy 1 ), by the remark following the proof of 
16.51 This, together with lemmas 16. 51 and l6~o1 proves the statements about t in the theorem. □ 
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7. The elements tz and w 

We consider here the order 1 F-root of 7r, given which is y = 7r, and the order 2 F-root 
y = wq. For w , we will just show how conjectures 12.11 to 12.41 follow from known results. For 
7r, we will in addition prove conjecture 12.51 in a certain number of cases, including split type A 
in general. 

We recall that (cf. \DMR\ proposition 2.1.6]) the group Cw{F) (resp. Cw{wqF)) is a Coxeter 
group with Coxeter generators the elements Wq for I an element of the set of orbits S/F (resp. 
/ G S/wqF). The corresponding braid groups Cb(^F) (resp l7b(w F)) have as generators the 
corresponding elements Wq. 

Since the generators Wq divide 7r (resp w ) in B + , conjecture 12. II is trivial. For 7r, conjecture 
12.21 is also trivial. For w it results from the remark below l2~2l and the fact that w is the only 
"good" square F-root of 7r since it is the only element of W of its length. 

Since 7rF (resp. WoF) acts as a diagram automorphism, conjecture 12.31 is |Mi[ corollary 4.4]. 

Conjecture 12.41 holds for the cases y = 7r and y = Wo by the following results: 

Proposition 7.1. [DMR, 5.3.4] The map t i— > D t from Cg{F) to the G F -endomorphisms of 
H*(K(n)) factors through the specialization x i— > q of a 1-cyclotomic Heche algebra for CV(F) 
which is the specialization u w i i— > x l<yW °\ u^i^ h- > —1 of the generic Hecke algebra of Cw(F). 

Proposition 7.2. [DMR, 5.4.1] The map t i— > D t from Cb{wqF) to the G F -endomorphisms 
of if*(X(w )) factors through the specialization x i— > q of a 2-cyclotomic Hecke algebra for 
Cw(u)qF) which is the specialization « w / )£ i— > x l( - w °\ u Vf i >1 _ £ i— > (— l) 1+/ ( w o) ; where e = if 
1{wq) is even and 1 otherwise, of the generic Hecke algebra of Cw{wqF). 

We will now consider conj ect ure 12 . 51 for y = 7r. Let 7i be the cyclotomic algebra of I7.1L Since 
the characters of TC are only defined over Q^[x 1//2 ] (for W irreducible, this happens only for the 
characters of degree 512 of W(E 7 ) and those of degree 4096 of W(E$)), we need to take the 
integer a defined above l2~H equal to 2 and thus consider the specialization / : x 1 ^ 2 i— > q 1 ^ 2 of the 
algebra with parameters w w / h- > ((—x 1 ^ 2 ) 2l( - w °^) and m w / 1 i— > —1. In the terms of |DMRt 5.3] 
this corresponds to the specialization x 1 / 2 i— > —q 1 ! 2 of 7i x (W,F). We recall from |DMR1 5.3.2] 
that if /' is the specialization x 1//2 i— > —q x l 2 (which corresponds to the specialization x 1//2 t— > q x l 2 
of TC X (W, F)), and if we fix an F-stable Borel subgroup B, then H^fQi — End^ g f (Ind B F Id). 

Let a be the semi-linear automorphism, coming from Gal(Q e (x 1 ^ 2 ) /Q e (x), given by x 1 ^ 2 i— > 
—x 1 ! 2 of H; thus foa = f. Let TL q = 7i®f Q e , let \ l— Xq be the bijection between characters 
of Ji and 7i g obtained via /', and let Xq ^ Px be the bijection between characters of 7i q and 
characters of G occurring in Ind^F Id coming from |DMRt 5.3.2]. 

Let us recall that the representation Indg F Id of is special (cf. 12.51 (ii)): this follows 

from the fact that the image of any non-trivial w G W has zero trace in this representation, 
which characterizes the canonical trace form for Hecke algebras of Coxeter groups. 

It follows that conjecture 12.51 is implied by the 

Conjecture 7.3. E i (- 1 )^c( x ( 7r )) = E x eirr(w^) Px ® a (x) q - 

In the remaining part of this section we will prove the following theorem: 

Theorem 7.4. Conjecture \ 7. ^ holds if the characteristic is almost good for G and if (W,F) is 
irreducible of type untwisted A n , B 2 , B 3 , B A , D i; D 5 , D 6 , D 7 , C7 2 or E 6 . 
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Recall that the characteristic is almost good for G if it is good for each simple component 
of exceptional type of G. 

Proof. We have to prove that the virtual character of H q appearing in the p x -isotypic component 
of l) l -^c(X(7r), Qe) is equal to cr(x)q- This is equivalent to proving that for any x G 

C B +(F) and any x £ lrr(W F ), we have: 

(1) (9» ^(-irTrace(^ x |^(X(7r),Q £ )),p x ) G , = a( X ) q (T x ), 

i 

where T x denotes the image of x in TC q . We will prove this equality for sufficiently many 
elements of C B +(F) to deduce it for all elements for groups in the list of 17.41 In the next two 
lemmas we need not assume G split or irreducible. 

Lemma 7.5. If conjecture \ 7.tJ\ holds for any reductive group with semi-simple rank less than 
that of G then (1) holds for any x G C B +(F) for any F -stable proper subset I of S. 

Proof. If hj is the standard Levi subgroup of G corresponding to J, then by |DMRt theoreme 
5.2.10], for x G C B +(F) we have: 

( g i ► ^T(-iy Trace(^ x |^(X(7r), Q,)), p x ) QF = 

i 

( I ~ ^(-l) 1 Trace(iD x |iy:(X L/ (7n), Q,)), *R^p x > Lf , 

i 

which by assumption is equal to 

ipe!rr(Wf ) 

As ( p v , *R®fP x ) L f = ( <P, Res^F X )wf> °f- inS Theorem 70.24], we get (1) for x. □ 
Lemma 7.6. Equality (1) holds z'/x = iz n , with n multiple of 6. 

Proof. As 7r n acts by F n on X,,, we have Trace(^D 7r n|i?*(X(7r), Q^)) = |X(7r ) g H by 

the Lefschetz trace formula. We shall use the same methods and notation as in |BMi| §2.B et 
§6.D]. Proposition jDMHl 3.3.7] shows that 

ixw*H= E m E (P'Rduwn 

pGlrr(G F ) xGlrr(W) F 

We have x q (T™F) = g n ( 2iV ~ a x- A x)-^(_p) |BMi[ proposition 6.11] whence we get as in the proof 
of [EMU Proposition 2.5] 



|xwn= E P {g){pM^%^)<i n{2N ' ap - Ap) = E xW^-^Ws)- 

p6lrr(G F ) XeIrr(H/ F ) 

We now use = <r(x)q(T£) = x(l)<f (27V ~ ax ~ Ax) [HH3 corollaire 4.21], which gives the 

result. □ 

Lemma 7.7. If the characteristic is almost good for the split irreducible group G, equality (1) 
holds when x is a root of iz. 
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Proof. 17.61 shows the result for x = n; we thus assume that x is a cf-th root of n with d > 2. 
By jDMR| 5.2.2 (i)] the endomorphism D w of X(-7r) satisfies the trace formula so that 

^(-l) 4 Trace(^ w |^(X(7r),Q,)) = |X(tt)^|. 



Moreover, by |I)MHI 5.2.2 (ii)], we have (g i-> |X(tt) 5jDw |) = Sh d (g ^ Trace(#T w | Ind^F Id)). 
So we have to prove 

Sh d (g h-> Trace(>T w | Indf^ Id)) = E a (x)q(T w )p x , 

Xq &lrr{H q (W,F)) 

which is equivalent to 

(10 E X q (T„)Sh d Px = £ a( X ) g (T w )p x . 

X<jeIrr(H 3 (W,F)) x 9 Glrr(H 9 (M/,F)) 

To prove this, we may replace w by a conjugate in B so we may assume that w is a "good" 
root, in particular that w G W. As usual we set w = /3(w). 

2N-a Px -A Px 

We have Xg(^w) = x{ w )l 1 : one gets this by applying BMM ( 6.15(2)] to H; it is 
a principal algebra (see loc. cit. 6.3), with #o( w o) = x l<yW ^] we have Dq = 2N and if we take 
P{q) = |(G/B) F | the degree Deg^ identifies with the generic degree of p x . 

As Ti. is split over Z[x 1//2 , a; _1//2 ], there exists a sign e d x depending only on (a Px + A Px )/d such 
that cr(x)q(T w ) = e rfx Xq(T w ). This sign is equal to —1 if and only if (a Px + A Px )/d 6 Z + 1/2 
and 7^ 0. Equation (1') becomes then 

(1 ) E 9 d x(w)Sh d p x = £d, x q d xMPx- 

Xq elTT(H q (W,F)) Xq Glrr(H q (W,F)) 

For computing Sh d , we shall use Shoji's results on the identification of character sheaves 
with almost characters. Here we need the assumption that the characteristic is almost good. 
We recall these results: unipotent characters of G F have been divided by Lusztig into fami- 
lies. Unipotent character sheaves have also been divided into families which are in one-to-one 
correspondence with the families of unipotent characters. In cf. \Sh2\ 3.2 et 4.1] Shoji proves 
that the transition matrix from the unipotent characters to the characteristic functions of the 
unipotent character sheaves is block diagonal according to the families, and in |Shl[ 3.3] he 
proves that the characteristic functions of the character sheaves are eigenvectors of Sh. From 
this we see that (1") is equivalent to the set of its projections on each family. Moreover a p and 
A p are constant when p runs over a family of unipotent characters. So (1") is equivalent to the 
set of equations 



where T runs over the families. We have written e^t instead of Ed, x because this sign depends 
only on the family of p x . 

We can also assume that G is adjoint as the unipotent characters factorize through the 
adjoint group and Sh is compatible with this factorization. 
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Lusztig defined in |Lu3t 4.24.1] almost characters R p indexed by unipotent characters. If 
R w is the Deligne-Lusztig character given by the virtual representation ^ i>0 (— l) l i^*(X(w)), 
we have R w = ^ x eirr(wn x( w )Rp x > f° r an Y unipotent character p we also have (p,R Px ) g f = 
A p ( R p , p x ) g f for a sign A p defined in |Lu3j . Almost characters being an orthonormal basis of 
the space of unipotent class functions, we get J2 Px er x( w )Px = SpeJ 17 ( P )g f A p R p . 

In |Lu4| 23.1] Lusztig has defined a bijection p i— > A p from the set of unipotent characters 
to the set of unipotent character sheaves, compatible with the partition into families. Shoji, 
in ([ShQ and |Sh2j ) proved that the almost character R p is a multiple of the characteristic 
function of xa p relative to the Frobenius endomorphism F of the character sheaf A p and that 
(cf. jHEU 3.6 et 3.8]) Sh(xA p ) = X p xa p where A p is as in |DMRl 3.3.4]. 

Using this, we see that {!'") is equivalent to: 

(1"") if (iW> G ^0then Aj = e^ 

This would be a consequence of conjecture jBMi| 5.13]. We prove it by a case by case analysis. 

If G is classical, we have always = 1 and X p — ±1, so (1"") holds if d is even. Assume 
d odd; one checks that in a Coxeter group of type A n , B n or D n , any odd order element lies 
in a parabolic subgroup of type A. Let us denote by L the corresponding Levi subgroup of G, 
which is an F-stable Levi subgroup of an F-stable parabolic subgroup. We have R w = R^(R^) 
where R^ is the Deligne-Lusztig character of ~L F associated to w. As X p is constant in a 
Harish-Chandra series and is equal to 1 for a group of type A, we get the result in this case. 

If G is of exceptional type we can check the result, using the explicit description of the 
coefficients {R w , p) GF ' and of X p in |Lu3j . The most complicated case to check is when for 
some d we have e^t — — 1- In type £7 there is exactly one such family; it contains 4 unipotent 
characters. Two of them are some p x for a x such that a x + A x = 63. In type E 8 there are two 
such families, each with 4 unipotent characters. In each of these families there are two p x with 
respectively a x + A x = 105 and a x + A x = 135. So in all cases we have = —1 if and only 
if d = 2 (mod 4). In each case for the two other unipotent characters of the family one has 
A p = ±i. One checks that if p G T and ( p, R w ) g f 7^ then if d ^ 2 (mod 4) one has A^ 7^ 1 
whence the result in this case; and if d = 2 (mod 4) we have A p = ±i, thus A^ = — 1 and we 
also get the result in that case. □ 

Let $ be the class function on TC q with values in 7Z(G F ) given by 

$(T X ) = (g -» ^(-l) i Trace(^ J D x |^(X(7r),Q £ ))) - ^ a( X ) 9 (T x )p x . 

i X 

To prove theorem 17.41 we have to prove that $ = 0. By 17.51 ITIjI and [7~71 respectively we know 
that 

(a) $(T X ) = for x G -E>i for any proper subset I of S. 

(b) $(T£) = for n > 0. 

(c) We have $(T X ) = if x is a root of 7r and the characteristic is almost good. 

We shall prove that in any of the cases considered in !7.4l a class function on 7i q which satisfies 
these three properties is zero. Such a class function, can be written J2 X ^xXg- We show that 
the three above properties imply A x = for all x- Let us translate each of these properties into 
a property of (A x ) x . 
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Lemma 7.8. Property (a) means that (A x ) x is linearly spanned by vectors (x{w)) x with w G W 
cuspidal (i.e., the conjugacy class of w has no representative in a proper parabolic subgroup of 
W). 

Proof. Consider the scalar product on TZ(TC q ) such that the Xq form an orthonormal basis (which 
corresponds to the usual scalar product on the vectors (A x ) x ); then the Xc, q = J2 x eirr(w F ) x( c )x 
are pairwise orthogonal when c runs over a set of representatives of the conjugacy classes in 
W. The statement to prove is that a class function satisfies property (a) if and only if it is 
orthogonal to the Xc, q with c non cuspidal. 

With our choice of scalar product, restriction and induction satisfy Frobenius reciprocity, as 
the scalar product is compatible with the specialization to W, as are restriction and induction. 
So for / C S, a class function is zero on H q (Wj) if and only if it is orthogonal to any Ind.^^ 0; 

but the Xc,q with c non cuspidal span the same subspace as the Ind^ <fi with / C S, so we get 
the result. □ 

2N-a Px -A Px 

Lemma 7.9. If is a d-th root of iz, property (c) is equivalent to 22 x ^xX\ x )Q 1 = 0. 
Proof. This is a simple translation of (c), using the value of x 9 (T x ). □ 

We now prove the theorem when G is split of type A n . The only cuspidal class is the class 
of a Coxeter element c. So by 17.81 (A x ) x has to be equal to a(x(c)) x for some a e Q e . Lemma 

2N-a Px —Ap x 

17.91 then gives a x{ c ) 2 Q. 1 = 0, so that a = 0, as all summands are non negative and 
at least one is non zero. 

For the other types we need property (b). 

Lemma 7.10. Property (b) is equivalent to the fact that for alii, we have J2{ x \a +a =%} -^xX(l) - 
0. 

Proof. Using the value of Xq{T£) property (b) is equivalent to the fact that for all n we have 

j2 q nm-i) £ A xX (i) = o. 

i {\\a Px +A Px =i} 

We get the result using the linear independence of the characters of Z. □ 

The proof of 17.41 in the remaining types is obtained by a computer calculation which shows 
that the vectors given bv 17. 101 and 17.91 span for any q the space given by 17. 81 fnote that only the 
vectors given bv 17.91 depend on q). □ 
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8. Pieces of the Deligne-Lusztig varieties 



In this section, we introduce a technique inspired by |Lu2j . which will allow us to compute 
Harish-Chandra restrictions of the cohomology of some Deligne-Lusztig varieties; we will also 
find a criterion for irreducibility of a generalized Deligne-Lusztig variety (see 18 .4j) . 

The technique is intersecting with Bruhat cells. Let B be the variety of Borel subgroups of 
G. We recall from |DMR1 2.2.18] that, given a decomposition t = wi . . . of t G B + as a 
product of elements of W, and denoting by 0(w) the G-orbit in B x B indexed by w G W, 
the variety 0(wi, . . . , w*) = {(Bi, . . . , B r+ i) | (B.j,B.j + i) G 0{wi)} depends only on t and 
not on the chosen decomposition; it affords two canonical projections p'(Bi, ■ ■ ■ ,B r+1 ) = B x 
and p"(Bi, . . . ,B r+1 ) = B r+1 and the Deligne-Lusztig variety is X(t) = {x G 0{t) \ p"(x) = 
F(p'(x))}. We fix an F-stable Borel subgroup B C G, and for v G W, we define the piece 
X"(t) = {x G X(t) | (B,p'(x)) G 0{v)}. We have X(t) = LU^X^t), and the action of G F 
on X(t) restricts to an action of B F on each piece. 

Remark 8.1. If t = Wi . . . Wfc is a decomposition of t G B as a product of elements of W, we 
recall from |I)MHI 2.2.12] that 

X(t) = {(5fiB,5f 2 B, . . . ,g k B)\g^g i+1 G Bu>jB, for i = 1, . . . , k - 1 and g~ ir ? g 1 G Bw k B}. 

In this model we get X' u (t) by adding the condition gi G BwB. 

Let Ti{W) be the generic Hecke algebra of W over C[x}. This is the quotient of the group 
algebra C[a;]JB by the relations (s + l)(s — x) = for s G S. We denote by the image of 
b G B + in TC(W). The algebra H(W) has a basis {T w | w G W}. We will also sometimes 
denote by T w the elements of this basis. We will denote H q (W) the specialized algebra by 
the specialization x i— > q and keep the notation T w for the basis of this algebra (trying to 
make clear by the context which algebra is meant). Finally we note A\T V the coefficient of the 
element A G 7i(W) on the basis element T v . We recall that the canonical symmetrizing form is 
T v i — > T v \l. Since T v and q~ l ^T v -i are dual bases for this form we have A\T V = q~ l ( v > AT v -i\l. 
With these notations, we have 

Proposition 8.2. Let t G B + and v G W ; for any m multiple of 5 we have {\J F \X V {t)^ F 
T v T t \TF v , where the elements on the right-hand side are taken in the Hecke algebra ?i q m(W). 

Proof. We may assume t G W. Indeed, by |DMR| 2.3.3], if t = Wi . . . is a decomposition 
as a product of elements of W, and if F 1 is the isogeny on G k defined by F 1 (gi, . . . , g k ) = 
(.92, ■ ■ ■ ,9k, F{9i))i then X(t) ~ X. G k((wi, . . . , w k ), F{) and this isomorphism restricts to 

X°(t)£- II (X.^'-' Vk \(w 1 ,...,w k ),F 1 )). 

v 2 ,...,v k £W 

rpkm 

Thus {U F \X"(t)) Fm ~ U V2 ,...,v k ((UfAlXG^Kr--,^)^!))^-^) 1 , and it is also 
clear that: 

^ y (T v T Wl \T V2 ) (T V2 T W2 J T v ^ ) . . . (T V] T Wk \Tf v ^ T v T^\Tf v . 



V 2 ,...,V k 



v 2 ,...,v k 
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As Fi is the smallest power of F% which is a split Frobenius, we are indeed reduced to the 
same statement for G k , Fx, (u>i, . . . , Wk), (v, v 2 , ■ ■ ■ , v^). 

We then assume t G W. Thus X t '(t) = {gB \ g G Bt>B, g~ lF g G BtB}. The map u \— > uvB 
then fibers {u G U | (uv )~ 1F (uv ) G BtB} on X"(t) with fibers isomorphic to U H U U, since 
Bf B = LLyuB, where for v & W we set U„ = Ufl ^U - . This fibration is U F -equivariant for the 
action of XJ F by left multiplication on both spaces. The quotient by XJ F is thus obtained by u i— ► 
u~~ l . F u which maps the above variety to UflfBtB^f -1 . As the fibers UfVU are connected and 
have q ml ( w o v ) fixed points under F m , the cardinality we seek is thus q~ ml ( WoV )\\J Fm nt>B£B F t> 
Thus the proposition results from the following lemma, applied with F replaced by F m and w 
by F v : 

Lemma 8.3. Assume F split. Forv,t,w G W and T v ,T t ,T w G 7i q (W) we have 

T v T t \T w = f lw |(Uf1 vBtBw-Yl- 

Proof. We have T v T t \T w = T t -iT v -i\T w -i = q- l ^T t -iT v -iT w \l = q l ^ l ^T v -iT w \T t . We re- 
call that TC q (W) may be realized as a subalgebra of C[G F ] via the isomorphism 7i q {W) ~ 
Endc^ IndgF C. By this isomorphism, T w corresponds to q l ^e^we^ where w is a representa- 
tive of w in N(T) F and where ee is the idempotent |B F | _1 ^2 beB F b. Thus: 

T v -iT w \T t = JW+W-WeaV^eBweB \ e B te B 

= iB^l-^'W+'W-'Wlu-^^nBWl 



The lemma follows, since (U D vBtBw l ) F = XJ F fl vB F tB F w 1 which may be seen by using 
the uniqueness properties of the Bruhat decomposition. □ 

□ 

For t G B + , we call support of t the set of s G S which appear in a decomposition of t as a 
product of elements of S: this set does not depend on the decomposition as it is not changed 
by a braid relation. With this notation, we have 

Proposition 8.4. Let t G B + . The variety X(t) is irreducible (in particular, with the conven- 
tion o/[DMR, 3.3.5], # c 2i(t) (X(t)) is given by h 2l ^H 1 ^ Id) if and only all the support oft meets 
every orbit of F on S (i.e., if the group L of |DMR| 2.3.8] cannot be taken different from G). 

Proof. We will adapt the proof of |Lult 3.10(d)] to our case. From I5~2l we get that if m is a 
multiple of 6, \(XJ F \X. v (t)) Fm \ is the coefficient T v T t \TF v in H g ™(W), this coefficient is equal 
to T t TF v \T v thus |(U F \X(t)) Fm | is the trace of the endomorphism x ^ T t F x of TC q m(W). 

Lemma 8.5. Let t G B + , v,z G W ; then the coefficient T t T v \T z is a polynomial in q m of degree 
less than or equal to inf (/(t), Z(t) + l{v) — l(z)). 

Proof of lemma. We first show by induction on Z(t) that T t T v \T z is of degree < l(t) + l(v) —l(z). 
Let t" be a maximal right divisor of t in W such that t"v G W. 

If t" = t, then T t T v = T t " v and the result is immediate: T t n v \T z = (of degree — oo) except 
when t"v = z, in which case the coefficient is 1, of degree = l(t) + l(v) — l{z). 
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Otherwise, let t = t'st" with s £ S. By assumption on t", we have t"v £ W and l(st"v) < 
l(t"v). Then T t T v = (q m - l)T t /l>„ + q m T t ,T st u v . As 1 + 1(f) + l{st"v) < l(t) + l(v) and 
1 + l(t') + l(t"v) = l(t) + l(v) we conclude by induction, using the result for t' which is of 
smaller length than t. 

Let t i — s- 1 be the "reversing" anti-automorphism of B, i.e., the anti-automorphism which ex- 
tends s ^ s for s £ S. WehaveT t 7;|T z = T v -iT~ t \T z -x = q- ml( - z \T v -iTiT z \l) = g^W-K*)) (T~ t T z \T v ) . 
By the first part of the proof T~ t T z \T v is of degree < Z(t) + l(z) - l(v), thus q m ^- 1 ^ (T~ t T z \T v ) 
is of degree < Z(t), which concludes the proof of the lemma. □ 

Lemma 8.6. Let t £ B + ; then Trace(x i— > T t F x \ T~C q ™(W)) is a polynomial in q m of degree /(t) 
and the coefficient of 

q mi(t) m 

this polynomial is the number of v £ W f who are right multiples 
of all elements of the support of t. 

Proof. To show the lemma, it is enough to show that T t TF v \T v is a polynomial in q m of degree 
< Z(t) except if v = F v and all s in the support of t divide v on the left, and that in this 
last case it is a unitary polynomial of degree /(t). Let us write t = t's where s £ S. If 
l(s F v) > l( F v), then bv 18.51 the degree of T t TF v \T v = T t iT s F v \T v is less than /(t). Otherwise, 
T t TF v \T v = q m (T t 'TF v \T v ) + (q m — l)(T t /T s F v \T v ). Bv 18.51 we see that only the leftmost term 
can contribute to q ml ^- 7 and by induction on Z(t'), we see that the contribution to q ml ^ of 
T t TF v \T v is Tf v \T v if all s in the support of t divide on the left F v, and is otherwise. The 
result follows. □ 

From the last lemma, |(U F \X(t)) Fm | is a polynomial of degree Z(t) in q m , unitary if and 
only if the support of t meets every F-orbit in S. As all irreducible components of U F \X(t) 
have the same dimension, since X(t) is the transverse intersection of the graph of F with the 
smooth irreducible variety 0(t), this variety is irreducible if and only if |(U i? \X(t)) Fm | is a 
unitary polynomial in q m . 

To prove the proposition it remains to check that X(t) is irreducible if and only if U F \X(t) 
is. The "only if" part is clear; to see the "only" part, we may follow the arguments of |Lu2t 
4.8]: if U F \X(t) is irreducible, the set 7r of irreducible components of X(t) is a single orbit 
under XJ F , so its cardinality is a power of p. The set 7r is in bijection with the set of irreducible 
components of the (smooth) compactification X(s 1; . . . , s r ) (see |DMR| 2.3.4]). But the G F - 
stabilizer of (B, . . . , B) £ X(s 1; . . . , s r ) is B F , thus the orbit of (B, . . . , B) (and a fortiori the 
number of irreducible components of X(s 1; . . . , s r )) has cardinality a divisor of |G F /B F |, which 
is prime to p, whence the result. □ 

Bv 18.21 we see that the variety X^(w) is non-empty if and only if T v T w \Tf v ^ 0. We shall 
study this condition, especially when v is F-stable. In what follows, we will denote by < the 
Bruhat order on W. 

Proposition 8.7. Assume that w £ B + is of the form w = Wi . . . where £ W have 
mutually disjoint support. Then T V T W \T V ^ is equivalent to T v T Wi \T v ^ for all i. 

Proof. By induction on k, it is enough to show the case k — 2 of the proposition. By the 
isomorphism of the Hecke algebra with a subalgebra of the group algebra of G F , we have 
T V T W \T V ^ if and only if BfBwiBw^B D BfB. We then use the following lemma: 

Lemma 8.8. Forw,w' £ W we have: BwBw'B C (U„/< m / BWB) fl (]]_ v<w Bvw'B) . 
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Proof. The inclusion in e.g., the left union is an easy induction on l(w'), using the exchange 
lemma. □ 

Thus BfBu^Bu^B = JJ Bft^Bu^B for some v± < w%, and in turn this last union is a 
union of double cosets of the form Bff^B, where v 2 < w 2 ] now the assumption on supports 
implies that W1V2 — v if and only if V\ — V2 — 1. Since i>i = 1 occurring is equivalent to 
BwBwiB D Bf B and then in turn v 2 — 1 occurring is equivalent to BfBu^B d Bt>B, we get 
the proposition. □ 

Lemma 8.9. Ifv,w,x£W and ifT v T w \T x 7^ 0, then x > vw. 

Proof. The condition is equivalent to T w T x -i \T v -i 7^ 0. Applying 18.81 this implies v~ x = wx' 
with x' < x~ l , i.e., vw = x'' 1 with x'~ l < x. □ 

Lemma 8.10. Let v,t G W where t is a reflection of root a > 0. Then T v T t \T v ^ if and only 
ifva<0. 

Proof. By [Dy| 1.2 and 1.12], va < if and only if vt < v. If T v T t \T v ^ 0, then by El we have 
v > vt thus va < 0. Conversely, if va < 0, we will show by induction on l(t) that T v T t \T v ^ 0. 
If l{t) = 1, then v = v't with l(v) = l{v') + 1. We have then T v T t = (q — 1)T V + qT vt , thus 
T v T t \T v = q - 1 ^ 0. Otherwise, by 1.4], we may write t = at' a where a G S and 

l(t) = 1(f) + 2. We have: T v T at > a \T v = q~ l ^ v 'T v T a T t /T a T v -i\l; when va > v this is equal to 
qT va T tl \T va . Otherwise, it is equal to q~ l ^(q 2 (T va T t tT av -i\l) + (q - l) 2 (T„T t /T v -i|l) + q(q - 
l)(T va T t >T v -i\l) + q(q — l)(T v T t /T av -i\l)) whose first term is equal to q 3 T va T t i\T va . Since the 
structure constants of the Hecke algebra are polynomials which positive highest coefficient, we 
see in both cases that T v T t \T v will be non zero if T va T t t\T va 7^ is non zero. Since t! is a 
reflection of root aa, we see by induction, that this coefficient is non zero if va(aa) < 0, i.e., 
va < 0, whence the result. □ 

Recall that an element w G W is reduced-/, with / C S, if it is of minimal length in its 
coset wWj. To continue our study, we define Ew(w) = {w^v G W \ T V T W \T V 7^ 0}. With this 
notation, we have 

Lemma 8.11. Let I C S be F-stable. Assume that w G W is of the form w = sw' with 
s G S — I and and w' G Wi. Then Ew(w) consists of the products v\V2 where V2 G Ew^w') 
and where v\ is a reduced-I element such that l(v-±V2s) > l(viV2). 

Proof. By proposition 18 .7\ T V T W \T V 7^ if and only if T V T S \T V 7^ and T v T w i\T v 7^ 0. Let 
wqv = V1V2 where V2 G Wj and v% is reduced-/. Then we have v = (wqV\wI).(wqV2). Note 
that WqViW^ is still reduced-/; it follows that T v = T WqViW iT w i V2 and that the condition 
TwovxwiTwfaTw'lTwoviwiTwfa + is equivalent to T w i V2 T w >\T w i V2 ^ 0. It remains to express 
the condition T WoVlV2 T s \T WQVlV2 7^ 0; this condition is equivalent to l(woViv 2 s) < l(woViv 2 ), 
which in turn is equivalent to l(v\V2s) > l(viV2). □ 

Note that V\ — 1 and v 2 arbitrary in Ew I {w') satisfy the above condition, so that Ew(w) D 
E Wl (w'). 

We will apply 1HTTT1 in a more specific situation where the following holds: 

Proposition 8.12. Under the assumptions of \H.ll\ assume in addition that S = I U {s}, that 
there is a unique s' G / which does not commute with s and that ss's = s'ss' . Assume also that 
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any v G E^^w') whose support contains s' is such that s' is not in the support of s'v. Then 
E w {w) = E Wl {w') U { sv | v G E Wl {w') and s'v < v }. 

Proof. We take v\v 2 G E w {w) as in lemma IS .111 if v\ 7^ 1, then l{v\s) < l(v\) since v\ is 
reduced-/. It follows that v 2 does not commute with s, thus the support of t> 2 must contain s'. 
We claim that V\ = s; otherwise, as v\ is reduced-/, it would end with s's since s"s = ss" for 
s" 7^ s'; but then s'sv2S would not be reduced since by the assumption of the proposition v 2 s 
has a reduced expression starting with s's as s commutes with all terms of a reduced expression 
for v 2 excepted s'. □ 

For / C S, we denote by the corresponding parabolic root subsystem, and we denote by 
Lj the Levi subgroup generated by T and { XJ a We denote B/ (resp. B7, Wi, Uj, Uj) 

the intersection with L/ of B (resp. B~, W, U, U~), by P/ the parabolic subgroup L/B and 
by Up / its unipotent radical. We will use the following proposition in the proof of 18.171 

Proposition 8.13. Let Ix, . . . , 1% be mutually disjoint subsets of S and let Xj G L/. . Then the 
condition X\ . . . x k G U B is equivalent to x« G \JjBj. for all i. 

Proof. If k — 1, let us write x\ = uvb with it G U7 , with u a representative of v G and 
b G B/ r As U7 C U~ and B7 X C B, the existence of the Bruhat decomposition with respect 
to the pair of Borel subgroups (B~, B), which is obtained by multiplying on the left by wq the 
classical Bruhat decomposition, implies that v — 1. 

By induction on k it is enough to prove the statement for k = 2. Let / = Ix U / 2 ; we have 
U7 = U7U7 and B/ = B^B^. From the case k = 1 we get that X\X 2 G U~B is equivalent to 
Xix 2 G UjUfB^B^. As B/ x normalizes U7 2 , this is equivalent to X\X 2 G (U^B/J^U^B/J. 
Let us write Xi£ 2 = yxU2 according to this decomposition; as fl L/ 2 = T we get Xi G y{£ C 
U7B r . for % = 1, 2. " □ 

Lemma 8.14. Let w = v\ . . . v^ G W be such that l{v\) + . . . + l(v k) = l(w) and let w, Vx, . . . , 
be representatives in Nc(T) such that w = v\ . . . V}~. Then XJ w w = TJ vl vx . . . \J Vk Vk- 

Proof. We have \3 Vl v x . . . U Vk v k = U Vl Vl U V2 . . . Vl - Vk - 1 \J Vk w , and we have U w = fLeA^- 1 ) 
where N(w) = { a > | w a < 0}. Let ]J represent disjoint union. The lemma is thus a 
consequence of N^w^ 1 ) = Y[% v i . . . v j_i(A^(t>~ 1 )), which itself is obtained by iterating the well 
known formula: l(x) + l(y) = l(xy) <^ N(xy) = y~ 1 (N(x)) JJ N(y). □ 

Corollary 8.15. Let Ix, ■ ■ ■ ,1k be disjoint parts of S, and letvi G Wi v Then Bt>i . . . i^BRU - = 

n^B^Bjnu-). 

Proof. As in \H.1'A\ it is enough to prove the result for k = 2. By 18.141 we have Bt> ii^B = 
— U^^iU^^B. Let x G Bfif 2 B fl U and write accordingly x — x\x 2 b where 
X\ G U^ii, x 2 G and 6 G B. We have X\x 2 G U^B thus by 18. 131 = u\b\ G U^B. We 

have U\ = Xib^ 1 G TJ vl viH fl U _ = BfxB fl U _ . As x G U~ we have also b\x 2 b G U~, thus 
b\X 2 b G Bw 2 B fl U _ . □ 

Proposition 8.16. Ze£ w G and Ze?t / be an F-stable subset of S . Then for any v G W , 
the left multiplication action ofPf on X(w) stabilizes Ylv'ew v^" ( w )- 

Proof. An element (<?iB, . . . ,(? r B) G X(w) is in X 1 '(w) if and only if g\ G BwB. If p G Bw'B 
with w' G Wi, then bv 18.81 we have pg\ G B-u/'-uB with w" < w', thus w" G Wi, whence the 
result. □ 
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In the next proposition, for / C S we denote by B~}~ the submonoid of B + generated by 
I = {s G S | s 6 /}. 

Proposition 8.17. Under the assumptions of \8.1(A assume in addition that w °w = sw' where 
s ^ I and where w' G Bf. Let Up 7 be the unipotent radical of Pi. Then, if Wq G W lifts w~, 
for any i we have an isomorphism o/Lf x <F s >-modules 

Hi( ( n x"(w) ) /u^) ^ ^- 2 (x L/ ( w «W'))(-i) © ^(x^c^wo) 

Proof. To simplify the notation we write just L, P for Lj, Pi, and we set Y = LL gH//U , X"(w). 
Let us see first that the proposition follows from its special case where w G W. If w = wi . . . 
is a decomposition of w as a product of elements of W, we have w' = w' 1 w °W2 . . . wo wj, where 
W0 wi = swj. Using |DMR[ 2.3.3] as in the beginning of the proof of !8.2[ we apply the proposition 
with G fc , Fi, L k , (wi, . . . , Wfe) and (s, 1, . . . , 1) replacing respectively G, F, L, w and s. If we 

set Y' = ]J Vlr __ VkeWlWo fx^fc •"'^((wi, . . . , w fc ), Ft)) we obtain that the cohomology groups of 

Y'/ (Up) Fl are sums of those of 'X. L k(( w ow[, w 2 . . . , wj,), Ft). This last variety is isomorphic to 
Xl( w °w'). On the other hand (U P ) Fl ~ Up and Y' is formed from pieces from Y. Indeed, by 

the beginning of the proof of EH we have Y = \l veWl>V2y ,, tVkeW (^Gk 2 ' (i w ^ • • • > w k)i F i))- 
We show that the only non-empty pieces of Y are those such that Vi G Wi for all i, i.e., those of 
Y': the (v, v 2 , . . . , v k ) piece is non-empty if and only if T (wi ,..., Wk )T {v -^ v -i t ... l^-i,*- 1 ,...^- 1 ) ^ 
0. As u>2, ■ ■ ■ ,Wk G w °Wj and v G WjWq the non-vanishing of this coefficient implies that 
v 2 , ■ ■ ■ ,Vk G Wjw ; indeed, proceeding by induction on i, if v i+1 G Wjw with i > 2, then the 
product T w T v -i^ involves only T y for y G WiWq, thus Vi G WiWq. 

We thus assume now w G W. We use then the model IHTTl of X u (w) taking k — 2, Wt — w °s 
and ui2 = w °w': 

X v (w) = {(gtB,g 2 B)\g^g 2 G B w °sB,g^ F gi G B w °w'B, and g x G BvB). 

Let Wo be a rational representative of Wq. Taking gtWo and g 2 Wo as variables we get 

X» = {( gi B-,g 2 B-) | 9l G B^ B", g^.g 2 G B sB , g^ F g x G B^B"}. 

By arguing as in the proof of 18. 161 we see that Ui, g y^ jU , Bt> w§B~ = PB . Thus 

(1) Y = {( gi B-,g 2 B-) | 9l G PB", g 2 G G, g^.g 2 G B sB" g?. F 9l G B w'B }. 

The action of P F is by left multiplication. In the following, we fix F^-stable representatives, 
denoted s and w' of s and w' . For v G W , let U~ = U~ PI V U. 

Lemma 8.18. The variety X = {p G P | p~ 1F p G B~sw'B~} admits natural actions ofB" by 
right multiplication and of P F by left multiplication. The map p i— > (pB~,pu p sB~) where u p 
is the unique element of XJ~ such that p~ 1F p G u p sB~w'B~ defines a P F and F s equivariant 
isomorphism of varieties X/B^ ^* Y. 

Proof. The existence and uniqueness of u p come from 18.141 we have 

Bsw'B' = V.sw'B- = V-sV,w'B- = UjsB-w'B' 
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where the XJ~ part is unique. The image of the map p i— > (pB~ ,pu p sB~) is easily checked to 
be in the model (1) of Y. If b G B7, the element u p b is determined by b~ 1 u p s'B~ = u p bsB~ . 
We have thus pu p sB~ = pbu p bsB~ , which shows that p and pb have the same image in Y. 

Conversely, given (piB - , ^B - ) G Y, the equality giB~ = pB~ defines p G X up to right 
translation by B7. We must check that ^B - = pu p sB~ . By definition of Y, we have g% G 
F g 1 B~w'~ 1 B~ n giB sB = F pB~w'^ 1 B' n pB"sB" whence p -1 ^ G p~ li pB~u> / ~ 1 B~ n 
B sB C u p sB~w'B~w'~ 1 B~ n B sB ; but B - i//B~'u/ _1 B - is a union of double cosets of 
the form BvB, where v G Wj. Thus u p sB~ w'B~ w'^B^ D B sB = -u p sB~, whence the 
result. □ 

Let us decompose p G X as mZ, with it G Up and I G L. The action of B7 does not 
change the component u thus the quotient of X/B7 by Up? is realized by the Lang map 
(u, Z) 1 — > Z). If we take 1 {u~ x F u) and Z as variables we get 

Y/U£ ~ {u G U P ,Z G L I uZ" 1F Z G B"WB-}/B7, 

where the action of b G B7 is by conjugation by b~ l on u and by right multiplication on Z, and 
where the action of ~L F is by left multiplication on Z. 

Lemma 8.19. For u G Up, Z G L, the condition ul G B~sw/B~ is equivalent to u G B7 s isB7i 
and Z G B7-u/B7- 

Proof. We have B~sw/B" = U7"sU~ii'B7Up = U^sB^wB^Up. Thus using that Z normalizes 
Up, we see that there exists u' G Up such that uvl G U7sB7wB7Z _1 . Thus there exists 
l s G U7s C L{ s }, V G B7wB7Z _1 C L such that uv! = l s V . We may then apply EHS1 with 
k — 2, Ii — {s} and 1% — I (exchanging the roles of B and of B"), and we get l s G U S B7-,. 
Thus there exists u s G XJ S such that l s G m s B7 s |. We have u~ l u G B7 s jL-u /_1 C LU7> thus 
u~ x u G Up fl LUp = {1} thus u = u s G U s , and since l s G U7s we even have u G U7sB7 s j = 
B7isB7i. The condition uu' = l s V becomes thus u' = b s V for some b s G B7 s |j as TUpflL = T, 
this implies Z' G T thus Z G B7w/B7 q.e.d. □ 

As we have U n B7 s} sB7 } = U* C U P , we get thus Y/U£ ~ {u G U*,Z G L | l- 1F l G 
B7^'B7}/B7 where the action of L F is by left multiplication on Z and the action of b G B7 
is by right multiplication on Z and conjugation by b^ 1 on u. Note that, as U7 centralizes U s 
since no root in $7 can & dd to the simple root corresponding to s, the action of B7 on u is 
through T. 

We have X hl ( w °w') = {I G L | l~ 1F l G B7w'B7}/B7. We conclude arguing as in [DM HI 
3.2.10]. To simplify the notation we write w" for w ow f . Let Y be the variety {u G U S ,Z G 
L I l~ 1F l G B7"u/B7}/B7; the projection n : Y — > Xl 7 (w") defined by (u, Z) 1— > Z is a 
fibration by affine lines, and ir restricted to Y — Y/Up is an isomorphism. Let i be the 
closed inclusion Y — Y/Up Y and j the open inclusion Y/Up Y. If we make 
L F act by left multiplication on Y then i, j and it are L F -equivariant. Let Ax be the 
constant sheaf Q e on a variety X; we have an exact sequence — > j\A Y /uF — * A Y ~^ 
iiA Y _Y /xj f ~* 0- Using that -R7riA Y — Ax L (w")[~ 2](— 1) and that -RttiziAy^y/u^ — A Xl/ («,"), 
we deduce a distinguished triangle R7i\j\A Y /\jF — * Ax L/ (iu")[— 2](— 1) — > Ax Lj (w") ~* where 
d G Ext 2 (A Xl (u>")j Ax Lj («,")) = H 2 (X.i J] ( y w"), Qi). All maps being G F -equivariant, we even 
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have d G H 2 (X.j J[ (w"), Q^) gF — Hf 2 (Xl ; (w"), Q^) gF where the isomorphism comes from the 
smoothness of the variety X L , («/'). But by jDMRl 3.3.14] we have H 2l - 2 {X Ll {w"), Q e ) GF = 0, 
thus 9 = and the distinguished triangle gives an isomorphism RTr\j\A Y /u F — Ax L (w") [ — 2] (—1)© 
Ax^Koh 1 ] whence H^Y/Vf) ~ ff»- 2 (X L ,(w"))(-l) © H^X^J')) as wanted. □ 

In the proof of proposition 18.211 we will use the next lemma. 

Lemma 8.20. Let Wi, . . . ,Wk be representatives in N G (T) ofwi, . . . , G W ; for anyui, ...,«&£ 
U ; there exist unique u\ G U w . such that for all i we have u\Wi . . . Uitbi G u[wi . . . u^WiU. This 
defines a morphism XJ k — ► Yli=i ^m- 

Proof. It is known that for v G W, the equality w = u'vu" with w G U, v! G U„ and 
u" G U fl "U defines an isomorphism U — > U„ x U fl V XJ. The lemma is a consequence of this 
fact by induction on k. □ 

The elements w that we will handle in this paper will have Ew{w) of the form WjWo U {v}, 
where v satisfies the assumptions of the next proposition. 

Proposition 8.21. Let w = Wi . . . be a decomposition ofw with w% G W; let v G W F , and 

let I be an F -stable subset of S; we write P for P/. Then 
(i) For alii we have an isomorphism of <F> -modules: 

where (1(wqv)) is a "Tate twist" and 

Zw = {(y, a;, Mi, ... , u k ) G Up x U ; x [] U Wi \ yx~ 1F x G vuiWx . . . m^B?; -1 }. 



(ii) Let Z w be the variety {(y, x, u u . . . , u k ) G | y G U P n V U }. The map Z^ -> Z w 
(/wen fry (w, x, Ui, . . . , u^) i— > (y2, x, u[, . . . , u' k ) where y 2 is defined by y = y x y 2 with 
yi G Up fl "U and y 2 G Up fl "U - and where the u\ are defined by v y^Uiibi . . . UiWi G 
u[wi . . .ufaiXJ for any % (cf. \8.20\) . is a fibration whose fibers are all isomorphic to 
" _1 U P n U. 

(iii) If in addition v is the unique element ofWjV such that X 1 '(w) is nonempty, there is 
an action of~Lf on Z^ such that the isomorphism of 8. 21 ( ij\ is hf -equivariant (for the 
action ofhf on X^(w) given bu \8.1b}) . 

(iv) If in addition v Uj C U - and proj U/ (U fl vRwiB ... wiJ5v~ v ) = Ylsei^s (where 
we have denoted proj U7 the natural projection U — ► Vi), then the projection it : 
(y,x,ui, . . . ,Uk) i— > x is an epimorphism Z^ — > Xl j (c) ; where c is a Coxeter element 



ofWi, which is hf -equivariant (for the action ofhf on Z^ given in 8.21(iii)). 

Proof. 

Lemma 8.22. Let v, Wi, . . . ,Wk be representatives in N G (T) of v, Wi, . . . ,Wk G W and let 

O v (wi, ...,Wk) = {{xiB, . . . , x k B) G (G/B) fc | x^Xi+i G B^B and x x G BvB}; 

there exist unique u G XJ V and Ui G XJ Wt such that x\ G uvH and that for all i we have 
Xi+i G uvu\Wi . . . UiWiQ. This defines a morphism O v (wi, . . . , uik) — > U„ x (^=1 U^J. 

Proof. The proof is similar to that of 18.201 □ 
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Consider the map \I/ : (u, g 2 B, . . . , g k B) i— > (udB, g^B, . . . , g k B) from the variety 

Z = {(u,g 2 B, . . .,g k B) |«eU, {uv)~ 1 g 2 e BtuiB, g^Qi+i e BwjB, g^ 1F (uv) G B^B} 

to X"(w). As BfB = U„t>B, it is a fibration whose fibers are isomorphic to U n "U, an 
affine space of dimension 1(wqv). This fibration is XJ F (thus Up)-equivariant, for the action 
by left multiplication of all components. Applying 18.221 with x% = (uv)~ 1 gi + i we get Z ~ 
{(it, «i, ... , u k ) u G U,Mj e U Wi , u~~ 1F u G vu\Wx . . . UfcU'fcBf -1 }. The map u = xpx 1— > (y — 
x ( xp 1F Xp) , x), where ip G Up and x G U/, defines thus an isomorphism between Z/Up and 
Z^; |8.21(i) results immediately from this isomorphism and the isomorphism of cohomology 
implied by 

Let us prove 8.21(ii)[ It is clear that the image of the map is in Z w . Consider now the 



fiber of (2/2 k ). Let y 1 in U P fl be arbitrary; the formulas v 1 y 1 1 UiWi . . . UiWi G 

u[wi . . . u'iWiB for any i define unique Ui (c/. l8.20jl . and the element thus obtained (2/1 2/2? x,Ui, . . . , 
is in the fiber and we get thus all the fiber. 

We prove now |8.21(iii)| If v is the unique element of Wjv such that X"(w) is non empty, 
we will define an action of P F on Z such that \I/ is P F -equivariant. Under this assumption, by 
EUDX^w) is P F -stable, i.e., iipeP F and (uvB,g 2 B, . . .,g k B) G X v (w) where u G U w , then 
pu G XJ v vB. The action of p G P F on X t '(w) is thus given by 

(uvB, g 2 B, . . . , g k B) i-> (uvB, pg 2 B, . . . , pg k B) 

where u G TJ V is defined by pu = ub with b G ''B. Let z G Z have image (wB, (72B, . . . , g^B) 
in X 1 '(w), ie., z = (uu r , g 2 B, . . . ,g k B) where u' G U fl V XJ. We want to define the action of p 
by the map 

z ^ (u. proj UntJU (&«'), pg 2 B, . . . ,pg k B) 

where pu = ub as above and where proj UnuU is the projection of "B on U fl V XJ according to 
the decomposition = (U fl "U).(U~ fl V XJ).T. This map clearly commutes with but it is 
not obvious that it defines an action. Let p' G P F ; let us write p'u = ub' where u G U„ and 
b' G ^B. We must check that the action of pp' is the composition of that of p and that of p'; 
this is equivalent to proj Un „u (&'&«') = pi , oj Un „ u (6 / proj UnnJ (&«')), and this last equality is easy 
to check. This action of P F gives after quotienting Z by Up an action of Lf on Z^, for which 
8.21(iii)| holds. 



Let us now prove 8.21(iv)[ By |Lu2[ 2.5] the variety Xl 7 (c) has a single piece X^°(c). As 

c G W, the model ED gives X^°(c) ~ {gB I G L//B/ | g- 1F g G B 7 cB/ and g G B/^B/}. 

Defining u G Uj by g G mWqB/ we get X^°(c) ~ {u G U/ | w t>(u~ 1F u) G B/cB/}. As 

BjcBj n U 7 = n se /U;* (cf. 2.6]) and w °(rL 6 /U s *) = EL/U;*, we get xg(c) ~ 

{u G Uj I u~ lF u G rLg/U*}, 011 which t G T F acts by u 1— > *ii and w + G Uf acts by 
it 1— > m + -u; the action of w_ G Uy F maps it on the element u' of Uj such that it-it G w'B^: 

such an element exists by uniqueness of the piece X L °(c). On the other hand the projection 
on the first two components of Z^(w) is surjective on couples (y,x) G Up x XJj which satisfy 
yx~ 1F x G U Hv Bu>xB . . . WkBv" 1 and the projection of Ufl v BwiB . . . w^Bv" 1 on U/ is equal 
to rise/ ^« by assumption. Thus we see that 7r indeed defines an epimorphism Z^ — > X L/ (c). 

It remains to check that this epimorphism is Lf-equivariant. For this, it is enough to check 
that the above action and that on the component x of (y,x,Ui, . . . ,u k ) G Z^, which results 
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itself of the action on the projection on TJj of the first component of an element of Z, coincide. 
For this it is enough to check separately that the actions of Bf and XJj F coincide. 

Let u G XJ V and «' 6 UP ^U; the first component of the image of z = (uu', g 2 B, . . .) G Z by 
the action of xt G Bf, with t G T F and x G Uf, is x l u proj Uni , u (tM / ) = x t u t u', since x G XJ V 
and u' G Ufl V XJ. Since U/ C U„, the action of xt on the projection ui of uu' is thus t— > 
which coincides with the action on Xl 7 (c). 

Similarly, the action of y G maps Uj on proj U7 (w) where yu G u v ~B with u G U„. On 

the other hand, the image by y of ui G Xl°(c) is w'j- such that yu/ G M/B7 C tt^B. Let 
us write u = u P uj with u F G Up; thus yu-pUj = y u P yuj G ^upu^B = u'j( u i % P ) 1 'B = 
%p)_' l 'B = u j("t ^-up^u^B, where we have denoted by x_ the projection on "ILj of an 
element x G U = U„.(U n U U). But we have u 'i( u 'i~ ly u P )- G U P n V U~ since < G Uj n "U", 
thus and its component in Uj is w 7 as required. □ 

The map tt of 8.21(iv)| is the composition of the fibration of 8.21 (ii)| and the projection 

vf : {y,x,u x , ...,u k )^x 

which is an epimorphism Z^ — > Xl / (c). All fibers of Z^ — > Z^ are affine spaces of dimension 
1(wqv). It will be easier to compute the fibers of W than those of tt. In the case where we will 
apply 18.211 we will be in the situation of one of the next two propositions: 



Proposition 8.23. Assume under the assumptions of 8.21 (iv) that the fibers of tt are affine 
spaces of dimension d. Then for every i we have an isomorphism of Lf x <F>-modules: 

i^(xv)) u ^ * ^r M (x Ll (c))(-d). 

Proof. 

Lemma 8.24. With the same notations as above UTTfy let V be a variety given with an action 
of Pf , let V be a variety given with an action of Lf and let tt : V/U P — > V be an hf- 
equivariant epimorphism whose fibers are all affine spaces of dimension d. Then for all % we 
have an isomorphism if*(V) p i ~ H l c ~ 2d (V)(—d) ofLf x <F>-modules. 



Proof. This lemma results from standard properties of £-adic cohomology , see e.g., [DM, 10.10 
and 10.12]. ~ □ 

The proposition results immediately of 18.211 and of 18.241 taking in account the "Tate twist" 
induced by the quotient Z^ — > Z w . □ 

In the next proposition we assume w G W and write X(u>) for X(w). 

Proposition 8.25. Assume that in addition to w, there is another element w' < w satisfy- 



ing the assumptions of 8.21 (iv) with the same v; let tt' : Z w , — > Xl / (c) be the epimorphism 
analogous to If and assume that the fibers of If' are affine lines and that the fibers of 

*H^:^n^->X Ll (c) 

are affine planes, the above union being taken in (Up 7 fl "U~) x XJj x U. Then for any i we 
have an isomorphism ofhf x <F>-modules: 

fftx») u ^ ~ #r 3 (x Lr (c))(-i) ©#r 4 (x L/ ( C ))(-2). 
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Proof. I8.23l and l8.24| give respectively the isomorphisms of Lf x<F>-modules if*(X t '('u/)) Up i ~ 

//r 2 ( X L 7 (c))(-l) andHi(X v (w)]J^ v (w')) lJ ^' - #r 4 (X L/ (c))(-2). The assumption w' < w 
implies that *X. v (w) is open in X. v (w) [jX^to'). We deduce a long exact sequence 

... - #r 3 (x L/ (c)x-i) -> Htociw))^ - i/r 4 (x L/ ( C ))(-2) 

^^- 2 (X L/ (c))(-l)^... 

We deduce the proposition by observing that a morphism of Lf -modules from if*~ 4 (XL J (c)) (— 2) 
to i7*~ 2 (XL 7 (c))(— 1) must be 0. Indeed cohomology groups of different degrees of Xl^c) are 
disjoint as Lf -modules. □ 
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9. The ti-th roots of 7r in type A n 

In this section we compute the cohomology groups if*(X(w)) as G F x<-F >-modules when 
G is a split group of type A n (n > 1) and w an n-th root of 7r and we show conjectures 12. II to 
12.61 for this case. The Coxeter presentation of W is given by the diagram O— O' • -O > an d we 

denote S = {s 1; . . . , s n } the corresponding generating set of B. 

Conjecture 12.11 holds bv 15.11 and conjecture 12.31 holds as remarked in section EJ As noticed 
in section conjecture 12.21 follows from a result of Eilenberg and a recent result of Birman, 
Gebhardt and Gonzales-Meneses. However, we will give a simple proof of it in our case. 

Proposition 9.1. There is a morphism in T> + between any two of n-th roots of ir in B + . 

Proof. We will show the proposition by showing that any two roots b and b' are equivalent by 
the transitive closure of the relation on B + given by xy ~ yx. 

By [BMi, 3.12 et A. 1.1] the image in w, identified with the symmetric group <5 n +i, of any 
n-th root of 7r is an n-cycle. So it is enough to see that if b e B + has length n + 1 and support 
S, and is such that /3(b) is an n-cycle then there exists a morphism from b to Si . . . s n _iS n s n 
in V+. 

We first show that there exists a morphism in T> + from b to an element of the form xs„s n y. 
By assumption, in the decomposition of b as a product of elements of S, exactly one, say s, is 
present twice. We write b = xs^ys^z where x, y, z G B + do not have Sj in their support. There 
are three cases: 

(a) The support of y contains neither s i+1 nor Sj_j.. Then b = xySjSjZ, so that /3(h) = 
/3(xyz) is an element of length n — 1 of support S — {sj}. Such an element can be an 
n-cycle only if % = 1 or i = n. In the latter case b is as desired. If i = 1, as S\ commutes 
with all elements of S — {s 2 }, we see that b has the form xs 1 s 1 s 2 y or xs 2 s 1 s 1 y. In both 
cases b is equivalent to xsis 2 siy = xs 2 sis 2 y and we are reduced to case (c) below with 
i = 2. 

(b) The support of y contains Sj+i and Sj_i. Then we use that b is equivalent to ysjzxsj, 
and the support of zx contains neither Sj+i nor s*_i. We are back to case (a). 

(c) The support of y contains one of s i+1 and Sj_i. Then Sj commutes with either x or z 
and if i — n then b is equivalent to an element of the form we want. Otherwise replacing 
if needed b by the equivalent element ySjZxSj, we may assume that y involves s i+1 . 
Then b can be written xSjS i+1 Sjy'z = xs.j +1 SjS i+1 y'z. By induction on i we are reduced 
to % — n whence the result. 

We prove now that any pair of elements xs n s n y of length n + 1 with support S are connected 
by a morphism in T> + . We use |Boul chap. V §6, lemma 1] which says "If A is a finite forest 
and ii x ^ g x is a, mapping from A to a group V such that g x and g y commute if and only if 
x and y are not connected in A, then the elements of V which are the products of all the g x in 
some order are conjugate by cyclic permutation", where conjugation by cyclic permutation is 
the transitive closure of g Xl . . . g Xk \— > g X2 . . . g Xk g Xl ( |Bouj does not state that the conjugation is 
by cyclic permutation but it is established in the proof). We apply this result to the map from 
the Coxeter diagram of type A n which maps the i-th vertex to Sj £ B, with the exception of 
the n-th vertex which is mapped onto s n s n . This gives the result. □ 
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We denote by p^ 1 the unipotent representation of G F which corresponds to the partition 
1, . . . , 1, 2, b of n + 1. Let St*" - - 1 be the Steinberg representation and Id^ be the identity 
representation of G F . We will deduce conjectures 12.41 to 12.61 from the following theorem. In 
this theorem, we adopt the conventions of |DMR[ 3.3.5] to describe the cohomology of a variety 
X(w) as a G F xi<-F>-Hiodule; we describe the cohomology as a 2- variable polynomial with 
coefficients in the Grothendieck group of G F , where the degree in the variable h represents the 
degree of the cohomology group, and where the degree in t encodes the eigenvalues of F: by a 
theorem of Lusztig, given a unipotent character p, the eigenvalues of F on the p-isotypic part 
of a cohomology group i/-? (X(w)) are of the form q l X p where A p is a complex number of module 
1 or g 1 / 2 which depends only on p and neither on j nor on w. We encode such an eigenvalue 
by t\ 

Theorem 9.2. Let w e B + be an n-th root 0/717 then we have as G F <F> -modules: 
h' l H l c {X{w)) = StW h n+l + pl n) t b h n+b + Id (n) t n+1 h 2 ^ n+1 \ 

i b=2 

Proof. We prove the theorem by induction on n. If n — 1 we have w = it. Then the only 
unipotent representations of G F are St^ and Id*- 1 -* and the result is given by [DMR, 3.3.14] 
and [DM HI 3.3.15]. If n > 2, by EH and |I)MH.I 3.1.6], it is sufficient to prove the result for a 
fixed root of 7r. 

We choose w = Sj . . . s n _!S n s n . We shall prove the theorem using the results of section |HJ 
Let I = {«!,..., s n _i}. 

Lemma 9.3. The variety X'"(w) is not empty if and only if v is the longest element in its coset 
vWj. 

Proof. We apply IH721 X"(w) is not empty if and only if T„T W |T„ is not equal to zero. In the 
Hecke algebra Tw = (g-l)T sl ... Sn +gT Sl ... Sn _ 1 , so ifT^]^ ^ then T V T S1 _ S JT V or T„T sl ... Sn _ 1 \T V 
is not zero. By |Lu21 2.5] or 18 .71 the only v such that T v T Sl ___ Sn \T V ^ is w . Let us write v = xy 
with x reduced-/ and y G Wf, then T v T sl ^^ Sn _ 1 \T v ^ if and only if T 2/ T sl ... Sn _ 1 |T ?/ ^ 0; by the 
same result as above, applied in Wi, this coefficient is not zero if and only if y = w 1 . So v 
has to be the longest element in its coset, and we have shown that this is equivalent to the 
non-vanishing of T^T^IT^ except possibly for v = w . In this last case T WQ T sl .„ Sn \T W0 — (q— l) n 
and T m T sl ___ Sn _ 1 \T Wo = (q — l) n_1 and the sum of these two coefficients is again non zero. □ 

The reduced-/ elements are SjSj + i . . . s n , for i < n; their number is n + 1 = IVT/W 7 /!. The 
elements v of maximal length in their cosets vWj are then SjSj + i . . . s u Wq = S\ . . . s^iu^. They 
are in the coset Wiw , except s± . . . s n w = w 1 . Let P denote the parabolic subgroup Pj; 
by proposition 18. 161 X(w) is the union of two P F -stable pieces: {J v€Wj X. vw ° (w) , which is an 
open subvariety as IJ^eVK/ Bt>w B is open in U^gW/ Bt>w B 1JBu>qB, and the closed subvariety 
X™o( w ). As i^(X(w)/U£) = *B%(H t c (X(w))) (cf. e.g., |DMl 10.10]), we get, setting X x = 
0J v£Wi X VWo {w))/\J^ and X 2 = X<(w)/U^, the following long exact sequence of L F <F>- 
modules, where L denotes hj: 

(1) . . . - i/^XO - •Rg(H*{X(w))) - Hl(X 2 ) - //: +i (xo - . . . 
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We now apply I87T7I with s = s± (indeed w °w = s n w' where w' = s n _ x . . . s 2 s 1 s 1 G Bf), whence 

#*(Xi) ~ //r 2 (x L (^ w '))(-i) © flj- i (x L ( M 5w / )). 

The element w o w ' = Si . . . s„_2S n _]S n _i is the element of L analogous to w. So by induction 
on n we get the equality of L F <F>-modules: 

n-2 

(i') J^/i^Xi) = (t^ + ^cst^^ + ^p^^^+^-^id^r/i 2 "). 

i b=2 

To compute the L F <F>-module ^ h l H l c (X. 2 ), we apply and with t> = u>q, with = 
n + 1 and with si, S2, . . . , s n , s n for wi, . . . , Wfc. Let us check the assumptions: the assumption 
(iii) on v holds bv 19.31 assumption (iv) holds since " Uj = XJj C U~; the other assumptions 
to check are 

(2) proj U7 (U n vB Sl B . . . Bs n _ 1 Bs n Bs n Bu _1 ) = J] U* 

and that the fibers of W are affine lines. We have 

proju^U n vB Sl B . . . Bsn-iBsnBsnBv- 1 ) = 

u (proj U7 ( B_1 U n B Sl B . . . Bs n Bs n B)) = 

u (proj U7 ((U7 ■ Up) n BsiB . . . Bs n _iBs n Bs n B)) = 

"(UJ n B Sl B . . . Bs n _iBs n Bs n B), 

the last equality as, since Up C B we have 

(Uj ■ Up) n BsiB . . . Bs nl Bs n Bs n B = (Uj n B Sl B . . . Bs n _iBs n Bs n B) ■ U P . 

But we have BsiB . . . Bs n _ 1 Bs ri Bs n B = Bsi . . . s n _is n B U Bsi . . . s n ^\B. By 18.151 we have 
Bsi . . . s n _xB n U~ = n^i" 1 U* a . C XJj, and in the same way (or by |Lu2| 2.2]) we have 
Bsi . . . s n B fl U~ = ni=i U* a . which has empty intersection with Uj. So (2) is proved. 
Let us compute the fibers of W. We have Up fl V TJ~ = Up fl (U/.Up) = 1, so 

~ {{x,U!, . . -,u n+1 ) I x G U/, Ui G U Si (z = 1, • ■ • ,n),M n+ i G U Sn , 

• F X G VUi&i . . . M n _iS„_iM n S n M n+ iS n Bw _1 }. 

Using the above description of the projection we see that the fibers of 7f are those of the map 
from 

{(«!, . . .,u n+ x) | Ui G U Si (i = 1, . . .,n),u n+1 G TJ Sn , 

UiSi . . . U n —iS n —iU n S n U n +iS n B G Bsi . . . s n _iB} 

to G/B given by (ui, . . . , tt n +i) | — ► Mi-Si . . . M n s n M n+ iS n B. The condition on the Ui implies 
u n+ i = 1 and that the image of an n-tuple (ui, . . . ,u n -i,u n ) does not depend on u n and is 
injective on (u\, . . . , w n -i)- So the fibers are indeed affine lines. 

So we may apply 18.231 let us write 7^ for the unipotent character corresponding to the 
partition 1, . . . , 1, b of a split group of type A n ; multiplying by th 2 the two variable polynomial 
which encodes the cohomology of the Coxeter variety L, we get that the cohomology of X2 is 
given by J2b=i ^ n+b 7fe n ~^ as a L F x <F>-module. 
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We now compute the t 6 -isotypic part of the exact sequence (1). For 2 < b < n — lwe 
get the exact sequence — > p ™ + P^Lx — ► (*R^H^ +b (K(w))) t b — > — > which gives 
*R^HJ} +b (X(w)) = p[ n_1) + p^ 1} + 7^ 1] . The Littlewood-Richardson formula allows to 
compute °f an y unipotent character. In particular it shows that the only characters of 
G F whose contains are p^ ,7^+1 and 7^ ; so H" +b (K(w)) contains one of these 

three characters. But *Rl (7&+i) anc ^ (76^) contain characters different from p[™ _1 \ 
and 7 ^ 1) . So #™ +b (XH) contains p[ n) . But *i£(pi n) ) = p^ + pf-x^ + 7^ 1} - So 
# c n+b (X(uO) = p£ n) as a G F -module. 

For 6 = 0, 1, n, n + 1 we get respectively the exact sequences: 

-> St^ 1 ) -> (*i^i^ +1 (X(™))) t o -> 

-> (*i?£#" +1 (XH)) t -> St (n - 1} -> St (n - 1} -> (*i2pfl? +2 (X(ttf))) t -> 
-> (*^if c 2 "(X(«;))) t n -> Id (n -^ -> Id (n - 1} -> (^# c 2n+1 (X(u;))) t « -> 
-> Id (n - 1J -> (*i?p# 2n+2 (XH)V + i -> 
We know that the only character x of G F such that *i?L X is Sv™ - " 1 ) -isotypic is St^, and that 
the only character \ such that *R ( £x is Id '•""^ -isotypic is Id^"\ So we see that the (H l (X.(w))) t b 
in the above exact sequences are Id*-™- 1 -isotypic or St^-isotypic. The exact sequence for b = 
(resp. b = n + 1) gives if n+1 (X(w)) (resp. i/ 2n+2 (X(w))). For b = 1 or b = n, applying 
propositions jDMHl 3.3.14] and jDMHl 3.3.15] we see that the (^(XO)))^ in the above 
exact sequences must be zero and the arrows St (7l - 1} -> St (n_1) and Id (n - 1} -> Id (n_1) must be 
isomorphisms. This completes the proof of the theorem. □ 

Let us explain now why theorem 19.21 implies conjectures 12.41 to 12.61 conjecture 12.61 is im- 
mediate. Let us show 12.41 By section the centralizer (7b (w) is cyclic, generated by w, 
and Cw(w) = G(l, l,n). The endomorphism £> w acts as F on X(w). Thus the value of the 
eigenvalues of F given in theorem 19.21 shows that the representation w 1— > D w of B(l,l,n) 
on End^F ((&iHl(K(w))) factors through an n-cyclotomic Hecke algebra 7i(w) with param- 
eters (1 n ). To show l2~Kj it remains to see that the virtual representation 
J7(~ l)*-^c(X( w )) °f is special. Proceeding as in section HI it is enough to show that 
|X(w) FI | = for % = 1, . . . , n — 1. But this is exactly the statement |BMi| 5.2]. 
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10. Conjecture 12.41 in type A 

We consider a group G of type A n _i and a group G' of type A n . We keep the notations of 
section W (resp. W) is the Weyl group of G (resp. G') and we consider w = c r (resp. 
w' = c /r ), a cf-th root of iz in the braid group B (resp. B') of W (resp. W). We have dr = n 
with d > 2. 

In section El we had two incarnations of the braid group B(d,l,r): one as Cb(w), with 
generators t, Si, . . . , s r _i and one as Cs'(w') with generators t', si, . . . , s r _i; in both cases these 
generators correspond to braid reflections of B(d, l,r). 

The group G(d, l,r) has two orbits of reflecting hyperplanes corresponding to reflections of 
order d and 2 respectively, so that for a choice of indeterminates u = (ut,o, • • • , 'Wt,d-i; M si,o> M si,i) 
the generic Hecke algebra H u of G(<i, 1, r) it is the quotient of Q e [u]B(d, 1, r) by the relations 
(t — ut,o) . . . (t — Wt^-i) = and (si — w Sl ,o)(si — w Sl) i) = 0; we will write the first relation as 
(f — Ut,o) • • • (f — Ut,d-i) = when considering the other incarnation of B(d, 1, r). 

Next theorem proves that 12.41 holds. 

Theorem 10.1. • The map x i— ► D x from Cb(w) to EndQF(©jiif*(X(w))) factors through 

the specialization x i— * g o/ a d-cyclotomic Hecke algebra 7i for B(d,l, r) wift parame- 
ters (1, x, x 2 , ... , x d_1 ; x d , —1). 
• TTie map x i— ► D x /rom Cb'(w') to End G F(©jif*(X(w'))) factors through the spe- 
cialization x q of a d-cyclotomic Hecke algebra Ti! for B(d, 1, r) with parameters 

(1 ,yi 2 ~, 3 , .'/ 1 c/~f~ 1 . ™ c/ i \ 

With the notation of section^ we have to show that the operators induced on the cohomology 
by D Si , D t and D t > satisfy the expected polynomial relations. The end of this section is devoted 
to the proof of this theorem. 

The next lemma will allow us to compute by induction the eigenvalues of D St , using [DMR, 
5.2.9]. 

Lemma 10.2. For i = 1, . . . , r — 1 let Ij = {er^, cr i+r , . . . , CTj + (d_i) r } as in \5.4\ then we have 

ai .(w) = tti^w') = <7 2 . 

Proof. As the elements of I, commute pairwise and as, bv 15.31 (iii), <Tj is the only divisor of w 
in Ij, we have cti^w) = a\ for some k. Now 

ct\ ^ w crr fe w G5 + ^ c ! -V^c r - i+1 G £ + . 

But cri does not divide c i_1 on the right for i < n by the "right-side version" of 15.31 (iv) so, 
bv 15.21 <r^ =<; w if and only if <r\ ^ c r ~* +1 . To prove the assertion about «i t (w) it is sufficient 
to show that cr 2 ^ c 2 and <r\ ^ c r . The former statement follows from 15.31 (ii) which gives 
cr^ 2 c 2 = cr^ 1 c 2 cr ) 7i 1 G B + . To get the latter we write crj~ 3 c r = (crj" 2 c 2 )cr,^ 1 c r ~ 2 and, as 
<r n _i ^ c r ~ 2 , we have to see bv 15.21 that er^ 2 c 2 ^ cr n _ 1; which is equivalent to <T|f 2 c 2 cr n _ 1 = 
cr~ 3 c 2 ^ 5 + . But erf ^ c 2 is impossible by (MB 4.8] as v{crf) = 3 and u(c 2 ) < 2 (recall that 
u(b) = mf{k G N\b 4 w£} for b G 

The proof of the assertion about cti.. (w') follows the same lines, using E31 (iv') instead of 15.31 
(iv) and 15.31 fii') instead of 15.31 fii). At the end we have to see that cr 3 ^ c' 2 . But bv 15.31 (v). we 
have c' 2 = c 2 cr n ^icr n , which can be written c' 2 = {ca\ . . . cr n _ 1 )(cr rt cr n _ 1 cr n ). The two factors 
are in W, so that z/(c' 2 ) = 2, and we conclude as in the w case. □ 
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Proposition 10.3. Fori G {1, . . . ,r — 1}, the image T Si of D s . in either Endcf (©j^'(X(w))) 
or End G F (X(w'))) satisfies {T s . + l){T Si - q d ) = 0. 

Proof. We prove the statement for w, the proof for w' being exactly the same. By |DMR[ 
5.2.9], which can be applied bv 15.41 (i), the eigenvalues of T s . are equal to those of D s . on 
©ji7^(X Ll i (o! I .(w),a;i i (w)F)). By the above lemma we have (^(w) = erf. The group L : . has 
type Af where the components are permuted cyclically by ^(w^F. If s denotes the positive 
generator of the braid group of type A±, through the isomorphism with Af we have erf *-> 
(s 2 , 1, . . . , 1), Si <-> (s, s, . . . , s) and Ui i (w)F corresponds to (xx, . . . , x d ) i— > { F x 2) • • • , F x d , F xi)- 
The variety we have to study is Xl x . (s 2 , 1, . . . , 1), which can be identified with the three term 
sequences of cZ-tuples of Borel subgroups of Lj 4 of the form 

(Bx, ■ ■ ■ , B d ) (Bi, . . . , B' d ) (*B a , F B d , F B,), 

where for two Borel subgroups B and B', we write B A B' to say that (B, B') G 0(v) (we 
say that B and B' are in relative position v). The conditions on the relative positions imply 
B> 2 = B 2 ,. . . , B^ = B, and F B 3 = B 2 ,. . . , F B d = B d _x, F B X = B d , so that X Lli (s 2 , 1, . . . , 1) 

identifies with the three term sequences B 1 A B; A f B 2 = Bx, i.e., to the variety X(s 2 ) of 
a group of type A x with Frobenius endomorphism F d . Let us put S(») = (s, 1, . . . , 1, s, 1, . . . , 1) 
where the second s is at the place i with i > 1. In the same way as above we identify the variety 

Xi^ (s(i)) to the variety X(s ) by identifying a sequence (Bi, . . . , B^) such that (Bi, . . . , B d ) — > 

( F B 2 , . . . , F B d _,, F B d ) with the three term sequence Bl A ^B, A *" Bl . We can decompose 
the morphism D s s as D s ( 2 ) o . . . o _D s(d) o Z? s (i), where = (1, . . . , 1, s, 1, . . . , 1), with s at 
the zth place. Then D s (i) sends X(s 2 , 1, . . . , 1) to X(s( d )) and D a w sends X(s(j)) to X(s(j_x)) 
for i > 1. With the above identifications, one checks that -D s (i) sends Bi ^ B' ^ pd Bi to 
Bi A ^Bx A ^ d B'x and that D sW sends Bx A ^B, A ^Bx to B x A ^(^B,) A ^ d Bi 
for z > 1. So that -D( s ,...,s) identifies with the operator D s on the variety X(s 2 ) of a group of 
type A\ with Frobenius endomorphism F d . This is a particular case of e DMR] 5.3.4], where 
it is proved that the operator T s induced by D s on if*(X(s 2 ) satisfies (T s — q d )(T s + 1) = 0, 
whence the proposition. □ 

We will now prove that the operators induced on the cohomology of X(w) and X(w') re- 
spectively by D t and D t > satisfy the claimed polynomial relation. 

Lemma 10.4. Let I = {cr r , . . . , er r+d _ 2 } and V = {cr r , . . . , cr r+d _ 1 \, as in 15. 81 we have 

(i) a^ywy- 1 ) = yty-\ 
(V) ^(y'w'y'" 1 ) = y't'y'- 1 . 

(ii) Wi(ywy _1 ) commutes with cr r+i for < i < d — 2, 
(ii') ^/(y'w'y' -1 ) commutes with cr r+ i for < % < d — 1. 

Proof. Let us prove (i). As yty -1 = er r ^ r+d _ 2 G -B/ and ywy -1 = yty -1 c r-1 Xd . . . xx by the 
remark which follows the proof of 15. 5[ it is enough to see that ai(c r ~ l x. d . . . xx) = 1, i.e., that 
for i G 0, . . . , d — 2 we have cr r+ i 7^ c r-1 x<j . . . xx. By 15. 2| this amounts to prove that for i G 
1, . . . , d—1 we have <Xj ^ x d . . . xx. But crj commutes with x, for j > z'+l, so that (T~ x d . . . Xx = 
x d . . . x i+2 cr^ x i+1 • • • x i- As a i * s no ^ i n the support of x d . . . x i+2 , we have x rf . . . x i+2 ^ 
so bv 15.21 it is enough to see that cr^ ^ x.j +1 ...xx. But tr^ Xj + xXj = Xi+iXiCr^+r-v indeed 
we can write this equality as crj +1> j +r _x cr i,i+r-i = cr i,i+r-i cr i,i+r-2, using IB~3T i) in the parabolic 
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subgroup generated by cr^, . . . , cr i+r _ 1 . So, as cr i+r _i Xj_i . . . Xi because (Xj +r _i is not in the 
support of this element, again bv 15. 21 it is sufficient to see that x i+1 Xj ^ cr i+r _ 1 . But this is the 
exact analogue in the parabolic subgroup generated by a iy ... , cr i+r _i of what we have proved 
at the end of lemma [TTPl as crr 2 cr^ i+r l = x i+1 Xj. 

The proof of (i') is along the same lines: we start with y'w'y' -1 = y / t / y /_1 cj!^ x^+i . . . Xi 
as noticed in the remark following 15. 61 We have to see that ai/(c^ 1 x rf+1 . . . xi) = 1, i.e., that 
(T r+i ^ c^ 1 x d+1 . . . xi for i G 0, . . . , d — 1. Bv 15.21 this amounts to prove that for 1, . . . , d we 
have crj ^ x^ + i . . . xi. But cr^ commutes with Xj for j > i + 1, and as in the proof of (i) we are 
reduced to prove that (Ti ^ Xj+i . . . xj. Then we finish exactly as in (i). 

Let us prove (ii). We have to see that er r+ jC r-1 x c ; . . . xi = c r ~ 1 x c ; . . .xi<T r+i . This can be 
written 

T — 1 T — 1 

C Xd . . . X i+ 3CT j +1 X i+2 Xj +1 ... X! — C Xrf . . . Xj_|_ 2 X i+1 Cr r+ jXj . . . Xx- 

So we have to prove that cr m x i+2 x i+1 = x i+2 x m <x r+i , i.e., cr i+:M+r cr i+M+r _ 1 = <r i+2ii+r cr i+lir . +i . 
This last equality is a consequence of 15.31 (i) applied in the parabolic subgroup generated by 

{ CT i+lj i+r}- 

The proof of (ii') is exactly the same, replacing I by I', c by c rd and x<i . . . xi by x^+i . . . xi. □ 

Corollary 10.5. • The image ofT t of D t in End G F(©i#*(X(w))) satisfies (T t -l)(T t - 

q)...(T t - q*- 1 ) = 0. 

• The image of T t > of D t i in Endc^ffii-f^-^w'))) satisfies (T t > — l)(T t > — q 2 )(T t > — 
q 3 )...(T t ,-q d - 1 )(T t ,-q d+1 ) = 0. 

Proof. We prove first the result for t. Using conjugation by D y we see that it is equivalent to 
prove that the image of D yty -i in End G F(© i iJ*(X(ywy- 1 ))) satisfies the same relation. By 
[DMEJ 5.2.9] and 110.41 the eigenvalues of this operator are the same as those of D yty -i on 
©irf^XL^a^ywy-^^^ywy- 1 )^)) = ® i H i c (X- Ll (<T r ,r+d-2))' The element cr r , r +d-2 is the lift 
of a Coxeter element in the braid group of type I. The group Lj has type split A d -\, and 
D y ^ y —i acts as F on XL 7 (er rir+ d_ 2 ). The eigenvalues of F in the case of a Coxeter element are 
given in |Lu2j and are the eigenvalues which we want for T t . 

We follow the same lines for proving the assertion on t'. We are reduced to compute the eigen- 
values of D y , t , y ,-i on© i if*(X Lj/ (ati/(y / w , y , - 1 ),wi/(y , w / y / - 1 )F)) = © i ^(X L/ ,(o- r)H . (i _ 1 o- P+d _ 1 )). 
The element <T rr . +d _ 1 cr r+(i _ 1 relatively to the group hp is an element as studied in sectional 
The group hp is split of type A d and D y i t i y i-i acts as F on X L ,(cr r)r+d ^ 1 cr r+d _ 1 ). We end the 
proof by noticing, as in the end of section El that the eigenvalues of F given in 19.21 give the 
eigenvalues we want for Tf. □ 
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11. Conjecture 12.41 in type B 

In this section we keep the notation of El we prove conjecture 12.41 in a group G of type B n 
for a d-regular element with d even. So we have w = c r with dr = n and d even. 

Theorem 11.1. The map x i— ► /rom Cb(w) to End G F(©jif*(X(w))) factors through 
the specialization x ^ q of a d-cyclotomic Hecke algebra 7i for B(d,l,r) with parameters 

(1 rv> ry>2- ,y,d/2 1 ™,(i/2 ,yi ™ 2 / y.C^/2 1. ™d/2 1 \ 

X . «X/ - %AJ j • • ■ • lX.' ^ iX.' ■) iX/ j tA/ j ... j tA/ ^ iA.' - 1 I i 

With the notation of section® we have to show that the operators induced on the cohomology 
by D Si and D t satisfy the expected polynomial relations. 

The end of this section is devoted to the proof of this theorem. The next lemma is the 
analogue of 110.21 

Lemma 11.2. Fori = 2,...,r let L, = {(Tj, <Xj +r , . . . , <Xj + (<£/2-i)r} as ^ n \&-4\ then we have 
a h (w) = (Ti. 

Proof. As the elements of L commute pairwise and as, bv 16.11 (iv), cr, is the only divisor of w 
in Ij, we have «i 4 (w) = (t\ for some k. But c is a good root of 7r, so for any r < n we have 
v{c r ) = 1. As v{crf) = 2 we cannot have <x^ ^ w, whence the result. □ 

Corollary 11.3. Fori G {1, ... ,r — 1} £/ie image T s of D s in Endc^^^-f^X^))) satisfies 
(T Sl + l)(T Si -q^) = 0. 

Proof. The proof is similar to that of 110. 3| except that here D Si eventually identifies to the 
operator D s on the variety X(s) for a group of type A\ with Frobenius endomorphism F d ^ 2 , 
whence the result. □ 

Lemma 11.4. Let I = {eri, . . . , cr d / 2 } as at the end of section® we have 

(i) a^ywy- 1 ) = yty" 1 . 

(ii) wi(ywy _1 ) commutes with <Ti for 1 < % < d/2. 

Proof. Let us prove (i). As yty -1 = &14/2 and ywy -1 = yty -1 n]=d/2 x « cr 1 ^ ne remark 
which follows the proof of I6.5[ it is enough to see that <Tj ^ nI=d/2 x « cr_1 pour % = 0, . . . , d/2. 
We use the following lemma which is an immediate consequence of 15.21 

Lemma 11.5. Assume that a, b e B + , that cri ab, that cr^a = &<jj and that <Ji ^ a; then 
(Tj b. 

By this lemma, for i > 1 we have o-j =<; n)=d/2 x i cr 1 ^ CT i ^ Yl]=i x i cr 1 °"i+r-i ^ 
nj=i-2 x i cr_1 °"i+r-i =3> cr ~\ the second equivalence as, by the proof of 110.41 we have 
cr^ 1 XjXj_i = XjXi_i<T^ fr _ 1 . But cTj +r _! ^ c r_1 is false by I6.1f iv). 

For i = 1 we get crx ^ n]=<i/2 x j crl ^ CT i ^ XiC r_1 <^ cr\ ^ <Ji . . . er r c r ~~ 1 =>• cr^ =<! c r , the 
last equivalence as er r+1 . . . er n c r_1 = c r_1 cr2 . . . cr n _ r+1 . But cr^ =<! c r is impossible as v{c r ) = 1. 

Let us prove (ii). By (i) we have wi(ywy _1 ) = n!=d/2 x « cr_1 - For i > 1, we have JT^d/2 x jC r ~ 1 o"j 

lIj=d/2 X i°"i+r-l cr 1 = nj=d/2 X i X i-l CT '+'--l rij=j-2 X i Cr 1 = llj=d/2 °"i X i X i-l Ilj=i-2 X i Cr 1 = 

^ n.f=(z/2 x i cr ■ 

For i = 1, we prove by induction on % that (T2 . . . cr j+iC l <Xi = (T\. . . er i+1 c*; this equality for 
i = r — 1 gives XiC r ~ 1 er 1 = cr 1 x 1 c r_1 ; then we use that <T\ commutes with Xj for i > 1. □ 
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As for 110.51 we deduce the following corollary which ends the proof of the theorem. 

Corollary 11.6. LetT t be the image of D t in End G f(©i-^c(X(w))); then we have (T t — l)(T t — 
q) . . . (T t - 0(T t + q)(T t + q 2 ) . . . (T t + q^ 1 ) = 0. 

Proof. Using conjugation by D y , we see that it is equivalent to prove that the image of -D yty -i in 
EndG^(©i-ffc(X(y w y -1 ))) satisfies the same relation. By |DMR[ 5.2.9] and lll.4l the eigenvalues 
of this operator are the same as those of -Dyty- 1 on ©jiJ*(X Lj -(a;i(ywy _1 ), ^(ywy -1 )^)) = 

©jif*(X Lj (nf=i The element Ylt=i a i * s ^ ne ^ °f a Coxeter element in the braid group 
of type I. The group Lj has type B d / 2 and -Dyty- 1 acts as F on X Li -(f]^ <Xj). The eigenvalues 
of F in the case of a Coxeter element are given in |Lu2j and are the eigenvalues which we want 
lor 7„ □ 
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12. The 4-th roots of 7r in D 4 

We use the same numbering for the reflections of W — W(D^) as in Bourbaki: we will study 
the 4-th root of it given by w = S2S3S1S3S4S3. 



The centralizer of w is the complex reflection group (2(4,2,2). We show conjectures 12.11 to 
12.61 for w. 

Proposition 12.1. The element w verifies conjectures \2. 1\ and \2. 2\ In particular, the map 
which sends the standard generators of the braid group 5(4,2,2) to h\ = (siS2) S3 ; b2 = S1S4 
and bs = (s2S4) S3S4 is an isomorphism 5(4,2,2) ~ Cb(w). 

Proof. A 4-th root of tt is an element of length 6 whose image is a 4- regular element. As all 
twelve 4-regular elements of W are of length 6, all 4-th roots of 7r are in W. There are thus 12 
good roots of 7r, and a direct check shows that there are morphisms in T> + between any two of 
them, thus proving 12.21 in this case. We may show 12.11 using the programs written by Franco 
and Gonzalez- Meneses to compute centralizers in braid groups . They give that b 1; b 2 and b 3 
generate (7b(w). However, one sees that the elements wbx = S4S2S3S1S2S4S4S3, b 2 and wb 3 = 
S2S3S1S2S3S4S3S3 are in Endx>+(w) by using the decompositions wbi = (s 1 S2S 3 s 1 )(s2S 4 )(s 1 s 3 ), 
b2 = (si)(s 4 ) and wb 3 = (s2S 3 s 1 )(s4)(s2S3S4)(s 3 ). We get thus that b!,b 2 and b 3 are in 
Endx>(w) whence f2.ll 

Let us show that the elements bi, b2, b 3 are the image of braid reflections around hyperplanes 
of Cwiw). We start with b 2 ; let V be the reflection representation of W, and let Vi be the 
eigenspace of w in V for the eigenvalue i. This is a 2-dimensional space, and the fixed points 
of S1S4 on this space are of dimension 1, and of the form H fl Vi for some reflecting hyperplane 
of W. We use now the constructions at the end of section EJ the group Bh is the parabolic 
subgroup of B generated by s x and s 4 , and the element s H is a square root of the element 
7r of this parabolic subgroup, so it is equal to thus this element is indeed the image in 
B of a the braid reflection t# of B(w). To handle the other elements we use the triality 
automorphism of G. This automorphism corresponds to an automorphism of V which induces 
on B the automorphism given by S2 1— > Si 1— > S4 1— > S2 and the corresponding automorphism 
on W. Let i\) be the automorphism of B which is the triality followed by conjugation by S2S3 
and let ij) be the corresponding automorphism of V. Then if) fixes w and does the permutation 
b>! 1 — b 2 1 — b 3 1 — i- bx. Thus ip induces an automorphism of Vi, and the braid reflections which 
are images of t# by the powers of this automorphism have images b! and b 3 . 

The fact the images of these braid reflections generate (7b (w) imply that they generate 
B(w); thus conjecture 12.31 holds. They satisfy the defining braid relations for the braid group 
of G(4, 2,2), that is bib 2 b 3 = b 2 b 3 bi = b 3 bib 2 (all three products are easily checked to be 
equal to w). □ 

The next proposition shows conjecture 12.41 

Proposition 12.2. The map bj 1— > factors through a representation 7i(w) q — > ©jiJ*(X(u>)) 
of the specialization x 1— > q of a 4-cyclotomic Hecke algebra Ti{w) for G(4, 2, 2) with parameters 
1 and x 2 . 
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We note that the above algebra is indeed a 4-cyclotomic algebra since the parameters spe- 
cialize to 1 and —1 by the specialization jhi. 

Proof. It is enough to prove the quadratic relations (D h . — l)(D b . — q 2 ) = 0. 

For b 2 = SiS 4 , we use proposition |DMRl 5.2.8] with x = y = si and / = {s\, s 4 }. The 
subgroup Li j is of type A\ x A\\ The element z = Si 1 w normalises Lj, exchanging the two A\ 
components. The variety X L/ (s 1 ,iF) is mapped by D Sl , which acts as zF, to X L/ (s 4 ,iF). 
Then D Si maps X Lj (s 4 ,iF) to X L/ (s!,i;F), and D Si o D S1 induces F 2 on X Lj (s!, iF); by e.g., 
[D MR| 3.3.16] this variety has two non zero cohomology groups with compact suport: H\ on 
which F 2 acts as 1 and H 2 on which F 2 acts as q 2 . Thus D^ 2 satisfies the quadratic relation 
(L> b2 - l)(£>b 2 - q 2 ) = on the cohomology of X L/ (si, zF), and thus by [DM HI 2.3.13] and the 
Kiinneth formula, it also satisfies the same relation on the cohomology of X(w). 

To show that D^ s satisfies the same quadratic relation we use (DMR[ 3.1.8] applied to the 
triality automorphism of G. The triality maps w to S1S3S4S3S2S3 and -Dt> 2 to -D S2 s 4 acting on 
X(s 1 S3S4S3S 2 s 3 ) which by the same argument as above, with x = y = s 4 and I = {^2,54}, 
satisfies the expected quadratic relation. The conjugation by s 2 s 3 £ Honi£>(w, SiS3S4S 3 S2S3) 
composed with the triality is equal to ip; and the conjugation by s 2 s 3 maps back D S2S4 to D ha 
which thus satisfies the quadratic relation. 

One proceeds similarly for D bl , using the square of the triality automorphism which maps 
D SlS4 to -D S2 si acting on X(s4S3S2S3SiS 3 ). One has that ip 2 is the square of triality followed by 
conjugation by S2S3S1S3, and conjugating by s 2 s 3 sis 3 £ Homx>(w, S4S3S2S3S1S3) maps -D S2S i to 



If we denote by Ti,T 2 ,T 3 the images in Tt(w) q of bi,b 2 ,b 3 , we thus get a representation 
p of 7i(w) q on ©if*(X(u?)) which maps Tj to D^. We note that triality commutes with the 
automorphism of TL{w) q given by T\ 1— > T 2 1— > T 3 1— > T\. 

The next proposition and 112.41 show that conjecture 12.51 holds. 

Proposition 12.3. The representation induced by p to ^(— l) l i?*(X(w)) is special. 

Proof. Let $ = T1T2T3. It follows from the computation of the generic degrees and the charac- 
ter table of Ti(w) q in [BMa[ 5. A] that a representation is special if (and only if) the elements 
{(^)i=i,2,3) (^^j)»=i,2,3j=i+(imod3), (^)i=i,2,3} ha ye trace zero on it. The quadratic relations 
show that B = {(Tj)j =li2j 3, (^i < I ) )i=i,2,3, ( < ^ i )«=i,2,3} generates the same subspace of TC(w) q as 
these elements. We shall show that the trace of any element in B vanishes on l) l Hl(X.(w)). 
It is enough to check this on just one element in each orbit of B under triality, e.g., for 
T 2 ,Ti$, ( l ) \ We have p($) = -D w = F. Thus _D W as well as its square and cube verify the 
trace formula, and by |DMR[ 5.2.3] they all have trace zero on l) l i7*(X(w)). Thus it only 
remains to compute the traces of _Db 2 and Db lW . 

To compute the trace of _Db 2 = -D S is 4 , we apply DMR, 5.2.10] with g — 1, I — {s\, S4} and 
x = S1S4, which gives that the trace of -D S is 4 on l)*ff*(X(w)) is the value at 1 of the class 
function 



By a general result on Lusztig induction (see e.g., |DM| 12.17]), this value is a multiple of 



□ 




]T(-1) 1 Trace( J D SlS4 |^(X L/ (s 1 , zF), <&)). 
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But this last trace is zero since D SlS4 acts as F 2 on X L/ (sx, zF), thus has no fixed points. 

By the computation done when checking the quadratic relations, we see that the trace of 
D hiw on £(— l)*if*(X(w)) is equal to the trace of D S2Sl F on XX — l)'-^c(X( s 3 s 2 s 3 s i s 3 s 4))- By 
[DMRj 2.3.13] and jDMHI 5.2.9] applied with I = {s u s 2 } this trace is, if we set z — S3S2S1S3S4, 
equal to 

2eLf F i i 

(the action of F decomposes as a product since U7- is F-stable) . By the Lefschetz trace formula 
one has £ 4 (-l) 1 Trace(/F|^(X (7) (i), Q e )) = \X (I) (z) lF \ = {{gUj \ g- 1F g G {TJ I zU I )n{[U I )}\. 
But this last intersection is empty since z ^ Wj so that P/ does not intersect U/iU/. Thus 
the trace vanishes. □ 

We shall now prove conjecture EH] by giving a full description of iJ*(X(w)) as a G F x\<F>- 
module. To give the result, we first introduce a notation for the irreducible characters of the 
Weyl group of D^. they are parametrized by the pairs of partitions of total sum 4, except that 
a pair of equal partitions corresponds to 2 characters. We shall thus denote the characters by 

1 2 +, l 2 -, l.l 3 , l 4 , 1 2 .2, 1.21, 21 2 , 2+, 2-, 2 2 , 1.3, 31, 4 

where a missing "." means that one of the partitions is empty. If A is a parameter as above, 
we shall denote by 7a the corresponding unipotent character of the principal series, except that 
we denote respectively by St and Id the characters 714 and 74. There is one more unipotent 
character of D4, a cuspidal one, that we shall denote by 9. We will use the same convention as 
in 19.21 to describe the cohomology by a two variable polynomial. With these notation, we have 

Theorem 12.4. The cohomology o/X(w) is given by 

h 6 St +t 2 h\ ll 2 + + 7l2 _ + 72ia ) + 2t 3 h 7 9 + 2t 3 /i 8 7l . 21 + t 4 /i 9 (7 2+ + 72- + 7si) + t 6 h 12 Id . 

Proof. We will use the parabolic subgroup of type A 3 generated by / = s 3 , s 4 }. Let w' = 
•S3S1S3S4S3. We will need the value of the sets defined in 18.111 they are E Wl (w') = {1, Si, s 3 , s 4 } 
and E w {w) = E Wl {w') U {s 2 s 3 }. The value for w' is obtained by a direct computation in the 
Hecke algebra of Wi and the value for w = S2w' comes from lemma 18.121 whose assumptions 
are easily checked. 

We first compute the cohomology of X(w /W «) = X(s 3 S4S3S 1 s 3 ) in the Levi subgroup L/ 
corresponding to /. We use [DMR, 3.2.10]; with the notation of the proof of l9.2l f/3o corresponds 
to the partition 2, 2, 72 to 1, 1, 2, and 73 to 1, 3) we know by |Lu2j the cohomology of the Coxeter 
variety S4S3S1: 

h* ■ fli(X(s 4 s 3 Si)) = h 3 St +hH l2 + h 5 t 2 l3 + h 6 t 3 Id 

i 

and since s 3 S4S3S! is a 3-rd root of 717 we know its cohomology by 19.21 

h* ■ #c( x (s3S 4 s 3 Si)) = h A St +t 2 h 5 p 2 + h 8 t 4 Id . 

i 

The exact sequence given by |DMR| 3.2.10] then completely determines if*(X(s3S4S3SiS3)), 
except for the Id-isotypic and St-isotypic parts; we get these by [DMRj 3.3.14] and |DMRt 
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3.3.15], and we obtain 

V ■ Hi(X(w')) = h 5 St +t 2 h\ l2 + P2) + t 3 h 7 ( l3 + p 2 ) + t 5 h 10 Id . 

i 

We now determine the principal series part of the cohomology of X(w) by the same method 
as in the proof of 19.21 The value of Ew(w) shows that 

X{w) = X w °{w) ]]_X w ° Sl (w) Y[X. W0Ss {w) Y[X. W0S4 {w) Y[X. W0S2S3 {w). 

We may apply IHTTTI with s = s 2 . If we set 

Y = (X" (w) [] X W0S1 («;) [] X 1 " 053 («;) ]J X W0S4 (w)) /U£ r , 
we have thus an equality of Lf -modules: 

£ h* ■ H*00 = (th 2 + h)x(J2h i - HiiXiwiw'w*))) 

i i 

= h 6 St +h 7 (t St +t 2 ( 72 + pa)) + h 8 t 3 ( l2 + 7s + 2p 2 ) + hH\ l3 + p 2 ) + t 5 h u Id +t 6 h 12 Id . 

To study the remaining piece X w ° S2S3 (w) we use 18.251 with v = WqS 2 s 3 and taking for w' the 
element w" = s 2 s 3 SiS/lS 3 . We show that w and w" satisfy the assumptions of 18.251 

We first check the assumptions of |8.21 (iiTJ| for w and w". We check on Ey/(w) that v is the only 
element of WiV such that X v (w) ^ 0. On the other hand, one gets bv 18. 121 whose assumptions 
are easily checked that Ew(w") = Ewj(s 3 sis^s 3 ) U {S2S3, S2S3S1S4}, where Ewj(s 3 sis^s 3 ) = 
{1, s±, S3, S4, S1S4, S3S1S4}, which results from a direct computation in the Hecke algebra of Wj. 
Thus v is indeed the only element of Wiv such that X v (w") 7^ 0. 



We check now the assumption |8 .2 1 (iv) for w and w". If aci, a 2 , a 3 , a 4 are the simple roots of 
D 4} we have a s , a 4 }) = {— a\ — a 3 , — a 2 , — a 3 — a 4 }, thus v Uj C U~ . The projection 

onto w_1 Uj of U_1 U n (BmjB[JBw"B) is the same as that of V ^V nU^n {BwB\jBw"B); 
indeed each double coset is invariant by right multiplication by v 1 U D U, thus its intersection 
with v U is the product of its respective intersections with v U PI U~ and v UflU. As 
v Uj C U~, the part in " U fl U has a trivial projection. 

Let us compute ^ 1 UnU-n(BwB]jBw"B). Bv ETLH we have BwBnU = U* a2 .(Bjw'B 7 n 
Uj) and Bw"B fl = U* .(BjS 3 siS4S 3 Bj fl Uj), whence, from the decomposition v 1 \J D 
U" = (* -1 U n UpJ.^'U n UJ) we get 

" _1 u nrn (b^b ]J Bw"b) = u^.c^u n U7 n (b 7 u/b 7 ]J B/S3S1S4S3B/)). 

We have v 1 \J fl U7 = flae* - — {-a 3 } In order to make explicit computations, we may 
replace Lj by the group GL 4 as the Borel subgroup varieties, as well as the groups Uj and U Q 
depend only on the isogeny type together with the Frobenius action on the root system. The 

variety v U fl U7 is thus isomorphic to the variety of matrices 



1000 

* 1 

* 1 

* * * 1 



We now determine the variety of matrices in GL 4 representing elements of " U fl U 7 fl 
(Bfw'Bj \JB i s 3 sis 4: s 3 Bj). For this we use the following: 

Lemma 12.5. Let B be the Borel subgroup of GL n of upper triangular matrices; let W be 
the Weyl group relative to the torus of diagonal matrices; let (u>y) be the matrix for w G W ; 
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then (a,ij) G GL n is in BwB if and only if the ranks of the submatrices (a,ij)i=k,...,n,j=i,...,l an d 
(wij)i = k,..., n ,j=i,...,i coincide for all k and I. 

Proof. The condition on ranks is invariant by left multiplication (resp. right multiplication) 
by B since this replaces each line (resp. column) by a non-zero multiple of itself plus a linear 
combination of the following lines (resp. columns). This condition defines thus a union of 
double B-cosets. It remains to see that elements of W are determined by the rank conditions: 
but indeed, in line k, the position I of the non-zero coefficient is the smallest integer such that 
the rank of the matrices (wy)j=fe,-,n,j=i,...,z and (wy)i=fc+i,...,n,j=i,...,z differ. □ 



We thus obtain, characterizing w' and s 3 sis 4 s 3 by rank conditions, that v U H U T fl 

/ 1 0\ _ 

(Bj-u/B/ ]J B/S3S1S4S3B/) is the variety of matrices I „ ? I , with a, (3, d and / in ¥ q , such 

\o pf 1/ 

that I g 2 I ^ 0; the open subset corresponding to Bjw/Bj is given by the condition a 1 ^ 0. 



1 o\ / 1 000 

100 d 100 



0/3/ 



These matrices may be written as I ^ 1 ) ( 1 ) ^ ^ U/" 1 Up J . The projection on 

\0/901/\-d/3O/l/ 

L U 7 of " 'UnU-nBwB as well as that of ""'UnU" nBw"B is thus U*_ a2 U*_ ai _ a3 U*_ a:j __ ai . 



The assumption 8.21 (iv)| thus holds for w and w". 



To check the assumptions of I8.25[ we must compute the fibers of the maps it' and 7r ]J it' of 

EM 

The above computations show that for y £ v Upj H U _ and x G v U/, we have y.x~ 1F x G 

B^BjjBit/'B if and only if x^fx G n a 6"" 1 u U» and x lx y is in U_ Q! . l U_ a4 U_ ai _ a4 and 

/ 1 \ 

are such that the latter element corresponds to the matrix I 0010) where the projection of 

V -dp / 1 / 

/ 1 \ 

x~ 1F x on U7 is given by the matrix I ° 1 I • The closed subset corresponding to Bw"B is 

V /8 1 / 

given by d/3 + fa = 0. We see thus that the fibers of the map W ]J W' of 18. 2 51 are 2-dimensional 
affine spaces corresponding to the d and / coordinates of the matrix for y and that the fibers 
of the map W' are 1-dimensional affine subspaces corresponding to the equation d/3 + fa = 0. 

The assumptions of !8.25l thus hold, and we get the cohomology of X v (w) /Up as an L F <F>- 
module by multiplying by th 3 + t 2 h A the two- variable polynomial encoding the cohomology of 
the Coxeter variety for Lj. We get 



k ■ K(x v {w)fri = hh st +h 7 t 2 { l2 + st) + hh\ l2 + 73) + hh\ l3 + id) + h 10 t 5 id . 

i 

The long exact sequence of Lf <F>-modules 

. . . - H* e 00 - Hi(X(w)) u rr - #<(X») U ^ - ^ +1 (Y) - . . . 



48 



F. DIGNE AND J. MICHEL 



gives 

-> St -> i/ c 6 (X(w)) U ^ -»■ *St -> t 2 ( 72 + p 2 ) + t St -> i/J(X(«;)) u P/ -> t 2 ( 72 + St) -> 

F c 8 (X(w)) U? i = t 3 (2 72 + 2p 2 + 2 73 ) 
# c 9 (X(u;)) u ^ = t 4 (p 2 + 2 73 + Id) 

o -> # C 10 (XH) U ^ -> t 5 id -> t 5 id -> i? c n (XH) u? i -> o 

Hl 2 (X(w)) U *i =t 6 Id 

To obtain the non cuspidal part of #*(X(w)), we first use jDMRl 3.3.14] and jDMRl 3.3.15] 
which give the Id and St isotypic parts. We then consider for each b the t b -isotypic part of the 
above exact sequences arguing as the proof of 19.21 and using the following table which describes 

(Ind^x,-0}£)4 : 

1 2 + l 2 - l.l 3 St 1 2 .2 1.21 21 2 2+ 2- 2 2 1.3 31 Id 

IdO 00 0010101 

7 2 1 1 01 1 1000000 

p 2 1 00 1 0011000 

7s 01 1 0100110 

StO 1 1 10 0000000 
We get: 

h % ■ Hl(K(w)) noIl cuspidal = 

h 6 St +t 2 h 7 ( ll 2 + + 7l2 _ + 72l2 ) + 2t 3 h 8 ll . 21 + t A h\ l2+ + 72 _ + 731 ) + t & h 12 Id . 



To study the #-part of the cohomology of X(u>), we will use the variety X(u>). One may check 
that all Kazhdan-Lusztig polynomials P y>w for y < w are 1, thus X(w) is rationally smooth (cf. 
jDMRl 3.2.5] ), which by jDMRl 3.3.8 (iij] allows to compute J^-Ji* ■ (i2"*(X(w))) e = t 3 h 6 6. 

By |DMRt 3.1.3], if y lies in a proper parabolic subgroup, H l c {X.(y)) cannot have a cuspidal 
part. The only y < w for which this does not hold are the elements of 

C = {s 2 S 3 SiS 4 S 3 , S 2 SiS 3 S 4 S 3 , S 2 SiS 3 SiS 4 , S 2 S 3 SiS 4 , S 2 SiS 4 S 3 , S 2 SiS 3 S 4 }. 

Thus X(w) = X(w) [JXJJY where X = [J c X(v) and where Y is a union of Deligne- 
Lusztig varieties, closed in X(io) and such that H*(Y)g = for any i. The long exact sequence 
corresponding to X(w) = Y]j(X(w) — Y) shows thus that for any i we have Hl(X.(w))g = 
Hi(X(w) U X),. 

The varieties X(s 2 s 3 SiS 4 ), X(s 2 SiS 4 s 3 ) and X(s 2 SiS 3 .s 4 ), corresponding to Coxeter elements, 
satisfy (cf. e.g., |Lu2j ) h % ■ (H l c )g = t 2 h 4 , and they are connected components of their union, 
thus J2i ' -^c(-^-( s 2'5 3 SiS 4 ) U X(s 2 si-s 4 s 3 ) U X(s 2 siS 3 s 4 ))e = 3t 2 h 4 . The elements s 2 s 3 sis 4 s 3 , 
s 2 sis 3 s 4 s 3 and s 2 sis 3 sis 4 are conjugate by cyclic permutation respectively to s 2 s 3 sis 4 s 2 , s 4 s 2 Sis 3 s 4 
and SiS 2 s 3 s 4 Si which, by jDMRl 3.1.6] and jDMRl 3.2.10], allows to compute the cuspidal part 
of their cohomology For each of them we get Yli h l • (H l ^)g — t 2 h 5 + t 3 h 6 , thus for their union 
(of which they are connected components) Y2i ^ ' {H l c )e = 3t 2 /i 5 + 3t 3 h 6 . The union 



X(s 2 S 3 SiS 4 S 3 ) ]JX(s 2 SiS 3 S 4 S 3 ) ]JX(s 2 SiS 3 SiS 4 ) 
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is open in X; the corresponding long exact sequence gives 

-> H A c {X) e -> 3t 2 6 -> 3i 2 # -> # c 5 (X) e -> 0, 

and H®(X.)g = 3t 3 9. There exists thus an integer rj < 3 such that 'Y^ li h l ■ H % c {X)q = r]t 2 (h 4 + 
h 5 )6 + 3t 3 h 6 6. The long exact sequence corresponding to the union of X and X(u>) shows then 
that only the characters t 2 and t 3 of <F> may occur in the cohomology of X(w), and gives for 
the corresponding isotypic parts of the cohomology: H^(X.(w))o >t 2 = H®(K(w))g ;t 2 = r]t 2 9, and 

-> H*(X(w))o t1 3 -> t 3 # -> 3t 3 # -> #J (X(w))^ 3 -> 0. 

By |DMRl 3.3.22] we have # c 5 (X(w)) = 0, th us also H & c (X{w)) e ^ = 0. 

To lift the ambiguity on (6>, t 3 ), we now use |DMR| 3.3.21]; we take for w' a Coxeter element, 
which is not conjugate to w; thus any eigenvalue of F on H®(X(w))g must have a module less 
than q 3 . This shows that H®{X{w)) = 0, thus H 7 c (X(w)) e ^ = 2t 3 6. □ 

From the values of the generic degrees of 7i(w) q (see |BMa[ 5.A]), we see that if we de- 
note by p(xi,x 2 ,x 3 ) where X{ G {l,q 2 } the 1-dimensional representation of TC(w) q given by 
Tj i— > Xj, and p + (resp. p~) the irreducible 2-dimensional representation where TiT 2 T s acts as 
the scalar g 3 (resp. — q 3 ), we have the following equalities, if we denote by m p the multiplicity 
of p in X)i(-l)^c( x ( w )) : m p(i,i,i) = dim St, m^^^ = dim Id, m p{q 2^^ = m^^) = 
"V(<7 2 ,i,g 2 ) = -dim 712+ = -dim7 l2 _ = -dim 7212, m^^^) = m p( i )9 2 )1 ) = m^^) = 
— dim 72+ = —dim 72^ = —dim 731, m p + = dim 71.21 et m p - = — dim^. Thus we can de- 
termine © i if*(X(w)) as a G F x 7i(w) 9 -module up to an ambiguity on the correspondance 
between characters of G F and of TC(w) q which appear in the same degree. 
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